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AR [a,c] H f()2g @)W [¢,b]H f(¥)< g(x),a<c<b, d TH HTHa
= Frfafed ger ¥ faed €

WA= f) () dr | gl fl) d
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THTHE T 1 YR T < WRIAEF o w1el ¥ & geT 21 J€ =H A
Tftras g fasrfaa fgmwar fafs @ emenfa €1 3w fafy =1 w9 wmad™
TTepfaEl o Shl AR 3 SEGe oh STEG F1 T § g W Re W A Imar
fafyr, Tmrer fafa =1 arfgs fafa & &9 5 wmht <1 gt 81 3w fafy
%1 TRt fashme IRfAF &1 o FS9 (Eudoxus (440 3. 9, 3 enfEfaEi=
(Archimedes (300 3. ) % = ¥ W g7 &1

el oh THgId 1 HaG fahTe S8 oh T9=d_ 1740 Srdreal | g3l ¥ 1663
H A J o T A9 & Gered T9g1d (Theory of fluxion) s &9 H TRH T
=M 39 Tagra &1 7@ 9% & el fog W vl o awa-fe 9h w6 o
A =29 A FhH Hed ®1 U0 H UiEE RO S g HiasTesmes
(AMHTS= FHeRer) = T 1 ohH Taf¥ (Inverse Method of tangents) <1
AR TR

1684-86, % == § ol (Leibnitz) 7 Tk T Tehel UISARTH (Acta
Eruditorum) | Wer1f¥rd fe=m AR gﬁlﬂ%@l‘v’l T (Calculous Summatorius)
M e, #iife J= 3Hd B &kl & AhA § Haibd o, 98] W 3= 39
AT o Wi <J° g e R T 1696 3 H S=i . S (J.Bernoulli)
& HIAE hl HTRL AYA YOH H @ﬂﬁﬂ?’m Ul (Calculus Integrali) H H
qitafdd ot T2 98 =g g WiEEl 1 Fohd 919 o Wi

e AR Ef= S A guid: Tads ARt S S gord: e &) qenty 59 <6
= Tagrdl & W dfaba 9 T T wiaf 3 e THemes S aron 9
TN TR
T2 fafyea € T 5= &) wduem gl &R fifvea w@ e & 6= %
HaY & I TE

o o1e 2 fop TR Mo o6 STERYd Gt fagiar aen sasher T
Y 39k YRIF Heel #1 faspme WEl B, =ge, R vaf= o % g 174
YA S 3d H gaT| qfa sEeRT Siifeed, HE w7 W d & STER W 19
TRl o RE H TUAIE (A.L.Cauchy) ok g1 T =1 3 § ot €1
(Lie Sophie) =1 FH=fafEd gt auiH &1 "It may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".
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Differential Equations

%

el X1 U4 36 JEdsh oh 9™ 5 W gH e bl ofl, fb i e

T TAA R & WU R B £ F Sakas $Y 9
fopn S & Al o wom £ 1 ufiwfia wid o gee
x & fau, f/(x) %8 I@ f&a o €1 e erfafiaa
TR TG o6 e § BEA ==l & off, f Afs fee
T f 1 Sahes hod g © dl e f hd 9 T
W) 3] T w9 H g R W ued €

et 75U gu wed g o fau wed f A Hifeg difh

d -

Y = g(x) W y=f(x) . (1)
dx

HHRI (1) o EY 9] THH0 Hi TThd THRI0

Fed ¢ TR AT TR =8 § € S|

Henri Poincare
(1854-1912)

AR THEH 1 SUEN A w9 W Afasw, WeA faam, sa famm, e
foa, sifemm, erefone enfs fafa= &=t & foran < 21 o Tt sy Sef
AT o U sTaehel TN o e S FT STd STavEhd] ¢ 39 ST b,
TH 3Eehal HEL0 H F© TUNYA Hhod131l, STehel THIHIU o Aw Td [aim=
B, STahel FHHAU K] TTHI0N, G hife Tel Y B oh 3felhel HHIH Sl Bl
=+ g fafmt it fafem & o sashal THiH o $o STERT S 91 H TEa FHl
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9 Ted 9 & Trefafed wer o weenol o ofifhd €

xX*=3x+3=0 .. (1)
sinx+cosx=0 .. (2)
x+y=7 .. 3)
asu fefatea THeo W/ faer o
dy
ca =0
xdx Y

. (4)
9 U € Top T (1), (2) Te (3) H ohadl Tads SRyt idd = (Th
1 Aferer ) wfiger € 59 T Wi (4) § =1 % ey W6as W (x) % |ue S
T (y) T Tahas W WHA B 3H THT & HHH ashd THEHI HEed €|
HH : Teh THT THh07, fogd wads =% (F9) o |riey o1fed =X o eTaehels
it e, sTahe GHIH FHeelm 2
Tah T 3Tahel T, foroH ehddl T T =X o Huel, Tea =1 o Aadhalsl
Hiwferd 2, W feehel THER Heand ¢l Sl
d*y dy’
2? — =0 .. (5)
T HHA Skl GHIH 2
gt ot stahe gl B € f T 9 iy s = o W sTeshers
Il B 2, 36 YN o5 el GHR SR STashel THIHI0 % ol o 39

T T B 319 29 hl Shael WHA 379l UHIHI0N o6 799 a9 Hifhd Tl 399
3] BH WA 2T9ehl THIEHI & ol 37aehal TR0 915 1 & S9AFT w0

1. B9 Tahas o fau fr=afafaa el o SUEM 1 g <9

d r d2 " d3 e
_y= Y. _g;z Yy ’_zz y
dx dx dx

Z.WWWWQJW,W@TWW(dashes)ﬁnﬁméﬁw
T W 1 SgfadTeHE e 39 pd Hife 9l s d_faﬁﬁfmgﬂaﬁa—d
y, =1 SHERT I &
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Tordt sTare THEI0 F Fif U AaEd GHIHW § TiHGq @ =1 o Tue oA1fea
W IoadH FIZ o FAhels hi Fife g giwfid 2t 2

freafafe sesda gdwon w® fa=r wifao:

dy .

—=e ... (6

o (6)

d*y

?‘Fy:() (7
3

d’y , d’y

10 X P 0 ...(8)

THIEI (6), (7) T4 (8) H %H9: TH, fgda v gdi™ *ife o I=aay sfaswhers
Iufterd € Ui 31 YHRIOT 1 I HH9: 1, 2 T 3 2

fohel STerhel HIRION 1 WA W1 STeEEE S W fou qeA fag 9 € TR @ s
U, aFHaa y, y”, y” I H TgU8 HFHRL BT =ieu) Fefafed SHeRn
T =R wife;

d’y  d’y "~ dy

_— 2 — — 0

dx® dx* dx Y - )
ﬂ ’ ﬂ sin2 y 0 (10)
dx dx

dy . dy

— sin — O

dx I .. (11)

&4 Uferd Sd € T TR (9) 7, v TE ' T Jgus FHIER €1 FHH (10)
V' H TE9E T € (T AE yH 99 T §) W UHH o ashel THIHN &I
W i aRTfid foRar S Hehar €1 WG FHHOT (11) Y H TgUE GHIHOT 7§ SR
9 THN & Fashed THIHL F1 Fd HI g @l R S e g
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AfE Tk STahel YHIHL SAaharell T TgUS HHH € af 3H STashel WHHI0 F1
T ¥ THA dc9d & 39 STl THIH § IUTEd S hife o feihelsl o1 IooudH
= ( FTTh gl )

I G o Hed o eH U o "d © TR wEim (6), (7), (8) T
(9) § 9 Yeh i WA 1 8, GHIH (10) $1 WG 2 € 59 Toh 2Tehel 951607 (11)
1 = g e 2

PRt e caea gHe &1 @i ug wh (AfE uftafia e gHen
eHF qoTieh 24 T
Frefafaa sewa gt § O Y& 1 Fife Td w\ (3 gfenfya )

1 hifsa:
dy d’y (dyjz dy
i) ——cosx=0 iy xy—+x|—| -—y—=0
@ dx W dx* dx Y dx

L

(i) y"+y*+e’ =0

() 3H sTahel THHO § IURET S==aaq Hife el %%l Ay 3HT HIfZ

1%|a€y’ﬁa§qﬁﬂﬁ1w%®%ﬁafwam1%,sﬂmwaw
G 1 WA 1 2

2
(i) T Taehdl THEHL § 39T I=0aq whife Sahard %% | 3HT 35! whife
X

2 2
2%|a€aamww% @%ﬁ@ﬁm%aﬂ?%ﬁﬁw
X X
i | ¥, SHAT 39 STahdl HHIH0 & U 1 €
(i) 39 TTFA THHT H IURA S=IqH hife STahelsl " €1 3HT 3EH I 3§

T THIHTOT T WA e el o SguE TRl § Ul SUh! W Ui Tel 2

19 10 9% & Y3 H T 3T9ehe] THIHI0 &l il TF =4 (I 9iinfea g8) F
aﬁﬁm4 .
S

d*y Y A
— +sin(y" =0 "+5v=0 (—) +3s——=0
gt TSmO y ooy dt dr’
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2.2 2
[d_gj +cos (@j =0 d—f =cos3x+sin3x
dx dx dx
OB+ O+ )+ =0 YD+ =0
Y+y=e Y +(O)2+2y=0 y'+2y +siny=0
HAhel FHHL]
a2y (dyY d
[—fj +(—yj +sin(—yj+1=0 w1 W €
dx dx dx
(A) 3 (B) 2 €) 1 (D) dftwfim =t &
2d’y L dy
FaHA FHFO 247 2 3+ y =0 FI Fife 2
dx dx
(A) 2 (B) 1 (C) 0 (D) dftwfi =&t &

el Femmell o T frefafed gor o THiwl & e fF 2
X+1=0 (D)
sinx—cosx=0 .. (2)
THIRTON (1) T (2) 1 T Uk UH Aiaias® s1eEr By Hem © =@ f2u g
THE R e R & AU 9 T G H HE H O x b WM W
yicrenfia T f&an war € qf <@ ue SN o ue ey H SAel ' 9 g

2
39 FgHA TR oD A—— .. (3)
dx* Y

W fa=n #@ 2

T S FHIHOT & A 39 sEwd THIE H g UF UH HoH ¢ § S 39
YHTHA Tl HIE HON AL S 59 B ¢ hl Sfelehel FHIHLU H 37 y (A =1)
o TF W Hfawenfud X faen e € @ 9@ ver SR < 9 SR B W 2

TH y = (x) TAHA FHEW B A a6 (THHRH 9%) Fear €| Frefaraa
Her T TR wifay

y=¢(x)=asin (x+ b) o (4)
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Sl a. b e R. IR 79 ToH 31 356k STl $ FHH0 (3) § Hfaweniud &t
femn <Tw 1 S g ST = U SUeR B S 21 T U8 o STdehel FHIH (3)
F1 & 2

mﬁ\mmaﬁwaﬁg@ﬁﬁmma:z@b:;aﬁwﬁ%maﬁ
FrAfafEd wed 9w 26 2

Y= 0,00 = 2sin[x+§J .. (5)
IfE 39 el 27T Heh STasholsll i GHEH (3) H ufqwenfia & far s ar g
T U R T UE SR B S 1 suferg o, ff TR (3) # U 54 B
Hed ¢ § < Wes SR (W) g, b WEad § 991 T8 hoH {U gu s
T F ST A HEAM | ah Bod ¢, 7 FiE o Weo o wfwfeq T
€ ifhd Tl o q b fafire 7m sufted € 2R THiN 3! sashel WHIH F
fafire & w1 < 2
E T, TR s oTR Sufted 81 2iawd THR 1 AU gl el 2
T &, W W o=l ¥ g © 1 o gl H Wes ol w1 e g1 o W
W A, el THIH 1 a3 e FHaa €

d’y d
T AT o e y = e, STaha THw d—i]+d—y—6y=05h"[
X X

T 7 B
& €3 BeM y= ¢ ¥ 30 S 9&l FT x o WU TFheH FH W TH WA
FW T
=3 (1)
39 GHHIO (1) HT x o HUL GA: ke T T FH WA € F

d2

_§;=9€—3x

dx
d*y d _ .
—df,d—zaﬂxywqm,ﬁqmmeﬁuﬁwﬁaaﬂﬁmm%ﬂqﬁ%ﬁ
X

T TT = 9e 3 + (<3¢ ) — 6. =9 e — 9 ¢ 3= () = T T
wafan fear gan o f&U gU 3faha GHE0 H TH &
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T Hiee T Hed y:acosx+bsinx,ﬁl’ﬂﬁa,be R, #elehed

d2
gt L2 4y =0 Tt B

dx*
feam gom Bor @
y=acosx+bsinx .. (1)
THRT (1) o S 9ET T x, oh WU IAUT SEehed F T FH <Ed B

d
—y=—asinx+bcosx
dx

dzy .

7 =—acos x —bsin x
X

2

%@yﬁ%ﬁ@%ﬁﬁmﬁgﬁwﬁﬁﬁmmm%:

GTQT'q?ﬂ=(—acosx—bsinx)+(acosx+bsinx)=0=?ﬂ'q\f &
e 5o gan Bor, XU g0 s/asa His & g 2|

1 9 10 T Jcde U9 H Hud i fh fea gan wer (T sid 3vqe) W™
SR THRI H B €

y=e'+1 : y'=y'=0
y=x*+2x+C D Y -2x-2=0
y=cosx+C : y +sinx=0
2 ’ il
Y=A1+x : y_1+x2
y=Ax : xy =y x=#0)
y =x sin x Coxy =y xfxt -yt (x#0&MTx >y deal x < —y)
)2
xy=logy+C : yzl—xy (xy#1)

y—cosy=ux : (ySil’ly+C08y+)C)y’:y
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X +y=tanly : VY +y?+1=0
y=«/a2_x2xe(—a,a):x+y%=0(y;t0)
<R e ol Torel Terhel THIHUT & =T gl § UMY Wes &1 & §eT 8
(A) 0 (B) 2 C) 3 (D) 4
o1 wife o et erasa T & fafire ea ¥ sufeed == e= =t
e B
(A) 3 (B) 2 ) 1 (D) 0
29 WMd 2 o e
X+y +2x—-4y+4=0 . (1)

Tk T8 gq %) Frefua w5 € 59w &5 (-1, 2) ¢ ot B 1 396 2
FHRT (1) T x, o HUE aehel & T I Hid &

> 1 e )
dx 2y

I Uk STkl THHI €| 39 915 H 36T f (Sg9mt 9.5.1 1 3= 9 <f@n) fw
T GHET0 g & Tk el B UG FO € 3 T Tl BT Th TIH FHIH (1)
T fear gom 99 71 v ffated s = e wl

X+ yr=r .. 3)
r, %1 fafd=1 71 <9 W g4 % o fo wes g Y
%ﬁ%'W%TUI_CI:x2+y2=1,x2+y2=4,x2+y2=9 T -
TR (APfa 9.1 @)1 T TP FHIFT (3) o %,
T UH Hehsl a1 % ol i FEQ Har 7 e 2\
¥z ot g ¥ ol fm fed fa 3 X< ol T X

T 54 30 e & Ul USH g Hawe fa
ST el STaehel GHIHT0 A i § €| T THiw
r ¥ TR g e T el o i weel & N
fau =1 °F f9= 81 wHEO (3) F xS Gy TR 9.1
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SFRe HH T AE THHW W e < €1 tefq
2x+2 @ 0 e 22 0 4
X + Y X+y e . (4)

T el THIH, T (3) g Fefya Wehel 91 o el 1 Frefim s €
30 Tt o freAfefad wHiento 1 foa=m i

y=mx+c .. (5)
WA m A ¢, o Taf=1 7Fl 9 &8 o o faf= 98 W e @ SSretore
y=x (m=1, ¢=0)
y=.3x (m= /3, c=0)
y=x+1 m=1, c=1)
y=—Xx (m=-1, ¢c=0)
y=—x-1 m=-1,c=-1)
INfs (3Tepfd 9.2 =fgm)| y & &
TH YT THIE (5) Wl W@ % el &1 el SR RYVAE
F & TG m, ¢ WA 2 2SN k
19 T B9 30 Fl & Yo WS gW Hge fR %,
S AT SEFT FHH A6 O § T 396 sifafEa X< o >X

fafsr=1 gl & fau maen ¢ =1 9[ =1 21 98 e
THIET, THET (5) &1 x o WUE HHATEN 3 TR

I FHIHT A0 ¢ W G A1 AeT iR el & /

y

YI
SaFeH FH T T Bl ¢ TRt 9.2
dy d’y
& 20
LA .. (6)

T (6), THERTOT (5) W XU g e W@ & el % el s 2
oot Tt (3) q9 (5) HHY: FHH (4) TS (6) < UF & 2

(a) Az fu gU o 1 T F, haa 0% Foia | R ww © @ 39 Fefatea
Y arel gHw 5 el e s 2
F (xy,a)=0 (D
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SERUA:, Waadl )2 = ax B Fd f(x, y, a) : y* = ax o &9 del THHI G
frefa faran < whar 2
THEHLT (1) T x e WUe] ek & W EH ), y, x, 19 o &1 gimfad &
el T e Frefafed w9 9 9 g e

gy, y,a)=0 e (2)
THERT (1) T (2) § g & foqa 6 T FH AEvdh Tahal HHER
fefafiga =9 5w e €

F(x,y,y)=0 .. (%)

(b) f% XU g Th! 1 FaAF, Tl o, 9 bR it o & @ 380 Frafafaa wv

el FHR g el fean S e

E, (x,y,a,0)=0 o (4)
THHLIT (4) 1 x oh HUH 3Tghed FH WEH Y, x, y, a, bl TEHAd wH areln
T TR TrEfefigd w9 F e B e

gy, y,a,b)=0 .. (%)

T 3 THRT T TeEd W W %1 Ao e wee Tl € gufay g
U e TR0 %1 SAEvIhdl €1 98 WHERT, FHII00 (5) 1 x oh WU
e ®H W FEfafad &9 9 g fean s 2

h(x,y,y,y",a,b)=0 .. (6)
THERT (4), (5) WH (6) W TN bl Taq@ & W FH A@vdh 7aha
gt fefafed w9 9 9= g 2

F(x,yy,y)=0 (7

PRl 70 9% T 1 FEfa w1 9 sEha GHE F Fife S @l
el & T9a4 39 o P & G THiH § e =R g 2

T o FA y = mx Hl TTEMG a0 6w THIRL Bl A4 IS
EEIE R R i L

fen gan 2 f%
y = mx .. (1)
FHRT (1) o SH1 9T 1 x o WUE STeheld T T EH WW Hid 2
dy
—=m
x d d
m & HHA THIEHW (1) H gfaenfya e wed y d—zx eq%nxd—i—y=09m

Tl €1 92 Tedm W T © AR 39 7% a1 atdshel THiw 2
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i & Pl y=asin (x + b), TTH ¢, b H=s =R &, F1 Tt w1 =
STaFH A THIEHLU Tl A HITed|

fem g @ % y=asin (x + b) (D
FHERTT (1) oF SHI Y& w1 x b WY& STUTH STEshe % W EH WK il 8
ﬂ=acos(x+b) . (2)
dx
d2
F=—asm (x+b) .. (3)
THE (1), (2) A (3) W @0 b H fae[@ HH W 0 W Hd T
dzy

THIF (4) Wes ST ¢ b W HH ¢ SN e 7 i srahel THiE 2
9 <rigdl o S &I FIERE F3 are eEsha THEH0 A hifay foeET

gl x-ter W € aen foeen &% g fag 2
& WA € % wfya degel & $d w1 gt frefatea v g @
(amepfa 9.3 3fEm) v
2 N
%+Z—2=1 (D)
THERA (1) T x o T9& Adhed T WFH X< 5 >X
DD g g
a’>  b* dx v
2 Y’
S X(ﬂ}% . (2) TR 9.3
x \dx a

FHRT (2) o S 9T T x b WYY e T T EH U gl 8

dy_
a3
x )\ dx? x° dx
Py (&Y _dy
77 xy—+x|—| —y—=0 .. 3)

dx? dx dx
THEH (3) AR IEFd THHR 2
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x—31% Rl T Tolg T 9 R 9l el b e Y
] Ak FHIEH A hifIg)

HH AW, x—319 =l Hol Tag W w98 3 el i
& g ® CH Fffe P S 81 (0,0) S8 FA &
ot T & <% fag & fRwie € (emepfa 9.4 <fEm))
AT A C HT THHT T

X" O rX
X+ (—-aP=a JAFA x*+y* =2ay .. (D)
oY ¢ U W= o= B HERT (1) o gH vl ,
1 x o HUE STaEe T T U L o Y
p y TR 9.4
2x+2y—y=2a—y
dx dx
dy dy
xX+y—=a—
S ydx dx
X y@
a dx
a1eran dy )
dx
THRU (2) W g 7 THEO (1) § @ T 0W R e
X y;ly
2 2 X
x°y Zy—@
dx
e 2 y?) 2xy 2y2ﬂ
dx dx
d 2
SRl o 2xy2
dx x"-y

T XU 0 g & ol F1 0 TEHa GHE

T Taedl o &l ol &G e ATell el FHIHI0 Ad hifoll foT e
31 gt fog W 2 e fome o787 o x-o7e 1 T H R

M At fm Swie =fsda waedl % % %1 P4 e fHa o g ey
SH Fd o fFH T H A (¢, 0) W T f99H o TF oAcAs W = 2




TR HHHI

(sepfa 9.5 2f@w)| Wfaw Fa P H THEW 2 X

407

y? = dax (D
THH (1) oh JA 9eTl Rl x o ©9e STddheH
FH WEH T 2 F
J X'« 5 (;0) >X
2y L =4q . (2) :
dx
THERI (2) © 4q 1 7F GHHRT (1) § @ T
T UM B ;{’,
ST a 9.5
T A
dx
2 Ao dy
reqan vy =2xy—=0 .. (3)
dx

TR (3) TEU U Waerd % Fd w1 SEsd HHH €

1§ 5 9% T Yo |, o A ¢ a9 bl 9] & gu 12U gu ekl o pel

o FEfyg 3 e SA9%d THH0 Jd S|

X Y

—+=-=1 y=a (b*-x) y=ae¥+be™
a b

y =e* (a + bx) y = e* (acos x + b sin x)

y-3187 1 el foIg T ¥q90 3 arel Il b el 1 STeehel HHIRLU T hifad|
Y Waerdl & ol T ahd THH fHfHa Fifs fae 3 go fog m 2
AT foFam @181 I A y-a797 1 fem o €

T gl o Sl I STahel GHIRT T i fehT TfEr y-3787 78 € qen
et %% gt g 2

T A qRIe o ol H1 STl THH Td Hirow FoehT T x-21e7 T &
den Tt g gt fg 2

T 1 & ol T STahel GHIHIV A0 If0 T 65 y-3187 W € 3 fort
o= 3 T R

frefafieq sema THmT § 9 fhe T F S0 6 y=c, ¢ +c, e 27

d2y d2y d2y d2y
A) —+y=0 B) —-y=0 (C) —+1=0 (D) —-1=0
(A) — Y=o ( ) o2 20 ) 02 (D)~
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frefafea Hiwon § 9 fea i o uF bl g y=x8?

d’y ,dy d’y _dy
(A) dx? dx v (B) dx? dx v
d’y ,dy d’y _dy
— — 0 —+x—+xy=0
© dx? * dx v (D) dx? xdx v

30 =] O ¥9 WM i U9 JUH Hd o Aa%d HHIEWN Fl B H w1 dH
faferi =1 ==f 4

Y HRITE T YUY W 1 ehd THR Trefafad €9 &1 g e

d_
e F(x, y) o (D

AR E (x, y) T EBA g (x), h(y) S €9 F Afemeaa fnan <1 Gt € &1 g(x), x F
B € AT AGy), yH TH o € df THHW (1) JUFR0NE = aen TH
FHeeldl 21 TE 89 W FHH (1) Hi Fefatad w9 § form s g 8

dy
2 h0) 8@ . (2)
AT A (y)# 0, = I Y&UH HId gL THBI (2) Hl
1
Ty) dy =g (x) dx .. 3)

o w9 H forn s Hehar 81 THI0T (3) <6 <A 9aT 1 SHehe U W g9 W i 8
1

Ty)dy g(x) dx o (d
T THR THE (4), KU gu e i &1 ea frefafas &9 5 78H + 2
H(y)=Gx) +C .. (5)

Tl H(y) T G (x) HHI: %y)@g(x)éﬁ TeTaRad € 3R C @ 3T B
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el THH %:x+l,(y¢2)wwmmwamaﬁm|

x 22—y
e w2 f%

dy x+1
— = 72 (1
=07 (1)

y
GO (1) =Wl Yep i W B W i €
2-y)dy=x+1)dx .. (2
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T ysinx=x2sinx—szcosxdx+jx2cosxdx+C
HId ysinx=x*sinx + C .. (1)

ww(l)ﬁyzoqﬁx:guﬁwﬁﬁaﬂﬁmgﬂmw%:
2
0 — sin — C
2 2

2
exel c=_"

4
FHR (1) § C &1 5H gfaeenfid s W g5 9 i 2

2
. 2 . T
ysinx = x smx—T

2
Fer y=x"—

(sinx #0)

4 sin x

7% fau U srashe THiw & fafme &= )

5 (0, 1) ¥ T 970l T ek ] THHLT A HieT, 5 59 9 o
ot fag (x, y) W T35t Y@ &1 o, 39 fag & 1 Feens (=) qen x Fene @R
y T (*ife) & ToHHa & A0 o SR 2

%ﬂﬂﬂﬁ%ﬁﬁ%ﬁ@ﬁi@ﬁm%ﬁ?wﬁ%lw

BRC ——xy=x (D
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EicEu (1),%+Py=Qaﬁwaﬂ%ﬁ§$ el HHH 2| F& P=—x TH
Q = x &1 gHfem
x dx

IF.=¢ e ?

o1a: fau gu T %1 B @

y.e;2=j(x)(e;2)dx+c - (2)
EERSIIE L I=[(x)¢ 2 dx
EERIIE %=t,aa—xdx=dtmxdx=—dr

Rl I=—jetdt=—et =—¢ 2
iR (2) 9 1 %1 9F yiaeenfid s W, 89 Ud €

—X —X

ye? == 2 +C

2
X

e y=—1+Ce? )
THEA (3) o] & Pl F THIH € T €6 3 HA o UH USH Hl YHEHT 7149
F =ed & o g (0,1) W TRaT 21 THE (3) Hx=07Td y = | Wawenfa w6
T T UN €

1=—1+4C.e &1 C=2
THR (3) H C %1 A giawenfud F3 W gH 9| S €

2
X

y=—1+2e?
TE T FT AU THH 2

1 9 12 % oh WAl H, TF Aahe THIHI0 & AYE & A1d hifeld;

Q+2y=sinx ﬂ+3y=672“‘c ﬂ+l=x2
dx dx dx x
dy T dy

—+(secx)y=tanx[0$x<—) coszx—+y=tanx [OSx<Ej
dx 2 dx 2
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xﬂ+2y=leogx xlogxﬂ+y=glogx
dx dx X
(1 +x%) dy + 2xy dx = cot x dx (x # 0)

xﬂ+y—x+xycotx=0 (x#0) (x+y)ﬂ=1
dx dx

d
ydx+x-y)dy=0 <x+3y2>d—)yc=y (y>0).

13 § 15 dh <h Tl H Tk 3felehel FHIHAU < felt €1 U giqae sl Hqee & 9l
faftre g 9@ it

— 2ytanx sinx;y 0 FfE x —
dx 3

(1 x2)% 2xy 11x2;y 09 x 1
dy
dx
e g 9 T 916l Uk doh h] HHIRT @1 FHITSL A 3H aoh <6 fRdl g
(x, y) T T3t Y@ 1 vavE 39 f6g o el o 41 o s g

forg (0, 2) ® & At gk 1 HHIHLO G FIGC AR 39 a6 oh TRl fag
o Teenal @1 A 39 g ® EiE T TR W@ %1 yEver & 9REm 9 s
s

3ycotx sin2x;y 2 AR x 3

d
feThel THIHTOT xd—y—y=2x2w1\qﬂw¢rw%:
X

1
(A) e~ (B) e © - D) x

d
STahe T (1—y2)d—x+yx = ay(-1< y<1) & GAHTH T0F
y

1
(A) 2

1 1
y 1 (B) [yZ -1 © 1_y2 (D) [1_y2
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GATYd hitad Th Her y=c, e‘“cosbx+cze“xsinbx,~_rlﬁcl,czlﬂ?@
ST €, STehel THEH

2
d—f—Za@+(a2+b2)y=0 1 T B
dx dx
fo=m g2 e €
y=e"[c cosbx+c, sinbx] . (D)
TR0 (1) o SH 9&l 1 x % @UE] Edhed H W e Ud § TR
% = ™ [~be, sinbx+bc, cosbx]+[c, cosbx + ¢, sinbx]e™ .a
X
dy &« .
3rere E=e [(bc, +ac))cosbx+(ac, —bc,)sinbx] . (2)
HHIE (2) o ST T HT x, o6 WTUET e S W gH U € R
4y _ o1 inbx.b b bx.b
E—e [((bc, +ac)) (—sinbx.b)+ (ac, —bc,) (cosbx . b)]

+ [(bcy+acy) cosbx+(ac, —bc,) sinbx]e“.a

= ¢“[(a® ¢, —2abc, —b*c,) sinbx + (a” ¢, + 2abc, —b*c,) cosbx]

o d’y dy . :

& MU sTaehel HHIH H d—f,d—zqayaﬂnﬁyﬁwﬁﬁwm%ﬂwﬁ%:
X

ElRIE e®la’c, 2abc, b’cy)sinbx (a’c, 2abc, b’c)cosbx]

2ae™ [(bc, ac;)cosbx (ac, bc;)sinbx]
(@* b*)e™[c,cosbx c,sinbx]
a’c, 2abc, b*c, 2a’c, 2abc, a’c, b’c, sinbx
(a’c, 2abc, b’c, 2abc, 2a’c, a’c, b*c,)cosbx

= ¢™[0xsinbx+0cosbx] =e*x0=0 = < 8T
et & go7 wer U gu ool gl g 2
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g wgufer o U8 991 ol &1 Taha THE F S | s
ef w1 9 w4 B
M e, fRwE e # e w0 aen @R i wgetn § a1 a9 & Fa
C g Tk fman S €1 39 el % R weem & g fag & TR (cq, 0) @
(TeRfd 9.6 <))

T C FI Trefga w6 e THi €:
x+a)P+(y-a)=d .. (1)
A X+ y*+ 2ax —2ay + a*=0 .. (2)
GHIE (2) H1 x o HWUY dHed HH T EH T4 2 %
2x+2yﬂ+2a—2aﬂ=0
dx dx (-4, @
dy [a’y J X< >X
x+y—=a|l—-1 o
Sl ydx dx
x+yy'
g a=— v
y =1 v’
HHFE (1) | o 1 AF giqeenfyd 39 o 29 I € T 9.6
x+yy T x+yy T [x+yy'7T
PMEL DN I [N LS U S
y'—1 y' =1 y' =1
f I2 f I2 I2
Jreqe |xy —x+x+yy] +[yy—y—x—yy] =[x+yy]
Aol @+ Y+ P =+ yyT
e G+ (Y + U =[x+y)yT

S 5T BT g o e ®I T w9 sasd SHE 2
AR HHH 1og(%J=3x+4ywﬁﬁwwmﬁml feam gam
X

g fF y=03fF x=0
o gam efashal i fefafed w9 o famn <1 W 2

ﬂ — e(3x+4y)
dx



IR HHEIT 433

d :
S a4 x4 . (D)
dx
=i %! Yerep HH W EH UM €,
dT);=e3xdx
e
zafau je_4ydy = je3xdx
-4y 3x
SRl ¢ ¢ ic
-4 3
BRG] 4e+3ev+12C=0 (2

THR (2) Hx=0Td y=0 Fawenfid 31 W 29 94 2

—7
4+3+12C=0 391 C:E

TR (2) H C w1 9F Yfaeenfd s %W g9,
4e¥43eH_7=0 9 HA T

T fEU gU Tashel THIH & T fafime g 2
el FHIRL

(x dy — y dx) y sin (%J = (ydx + x dy) x cos [%)ﬁ ERECAIE
e gon sTaa iR Tt =9 ¥ fan o1 wa 2

[xysin (lj— x? cos(Z }dy = [xy cos(lj + y2 sin (lﬂ dx
X X X X
y 2
cos| = |+ y“sin| =
ay_"Y U g )

SRC| B
dx xysin(yJ—x2 cos yJ
X X

T U W Y TS B A B2 W A S W e U 8

2
y y y Y
~—COS| — |+| — |SIn | —
dy _x (xj (sz (x]

dx ysin(yj —cos(yJ -
x x x
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X

W:W(l),%=g(yjaﬁmaﬂwaﬁaaw1qﬁw%,w

TH HHIEHI &l T ®H o a0 §H
y=vx .. (2)
yfereenfid 3 21
Sl ﬂ \4 xﬂ
dx dx
d +7si
e oy LY COSVTY SV iy (1) &l (2 )T T8 0 W
dx y sin vy —cosv
dv 2v cosv
CRE A raa—
X v siny—cosv
vsinvy cosv 2 dx
HYA[ —_— dv —
VCosV X
J- (vsmv—cosvjdvzzjldx
; VCos v X
79 jtanv dv—_‘-ldv=2'|.ldx
v X
Hear log|secv|—log|v|=2log| x|+log|C, |
secv
TeFa log |[=—5|=log|C||
VX
secv
SFeFen > =1C e (3)
VX

THF (3) Hy ﬁf@gﬁwﬁawmwm%ﬁ

YA

o)

sec (lj =Cxy
X

=C, B C==C,

e U g0 sawa THE F =uE T 2
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R HHEL
(tan"'y— x) dy = (1 + y?) dx %1 T dd Iy

o o sraee Tl fefafe w1 ¥ foen 1 v 2

dx X _tanfly
dy 14+y* 1+y°

T (1), 4P, x=Q,, % &Y * igw siadkel G 81 Tel

dx
dy
1 . tan!

P=— T8 Q =—3 %I 3T
I+y

I+y

7 dy !

1y tan 'y
LF. e '” e’

wfan fEu gU sTeahel THHI0 1 B 8

-1

-1 t -1

xe™ y=J- an ); e™ Ydy+C
I+y

-1
oM wifae I=_[ (tan yJem“ydy

1+y2
. 1
tan1y = 1 SRR FT T T W F [H zjdy=dt
y
d: I:J.tetdt,I:tef—fl.e’et,I:te’—e’:e’(Z—l)

aeren I= cun'y(tan"'y —1)
TR (2) HIH HH giatenfyd & o gd

x. ™ =" Y (tan~'y 1)+ C I g

SRl X = (tan"ly—1)+Ce ™
g S0 g0 Hahal THIEHT HT =0F TA 2
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Trefafad sasa TN 5§ | Y& &1 $ile 19 = (A aiarfya &) 9@
EAIE L

d’y dy] (dyj (a’y)z .
h S sy —6y=1 4| 2 47y =
6y e ( e y=logx (i) o y = sinx

Lodly [ dy
(111) —4—SIH(F =0

dx x

frefafaga 9o # wedeh o ferd wenfid shifste o 2 gon %o (21T srean
TI%) WA STaehel THEHIU &1 T 2

d’ d
(i) y=ae+be*+x* dxy+2d—i—xy+x -2=0
d*y _.dy
i) y=e* i : ——2—+2 =0
(i) y=e*(acosx+bsinx) : e I
d>
(iii) y = x sin 3 . =2 9y 6eos3x 0
dx
(iv) x>=2y?logy e +)’) —xy 0

(x —a)? +2y* = a2, 5 T&fud olqﬂéﬁ@cfl?:h‘rawohvl e i wifae st
o T T T R

fag ST fF 2 -y =c (@ + ) T&l ¢ TF T=a €, ahad THHw
(x* = 3x y?») dx = (y* — 3x%y) dy 1 SUH Tl 2l

HoH FqAe § UH g F o HI b FHIS A w0 S FRITE e
+ Tt W 2

dy = [1-y°
Wwwd—y+ 1—yz=0,aaﬁx¢1wwwgaamaﬂﬁm
X — X
dy y Try+l

290 T Tkl THIF =0 & =AUYF T

dx P +x+1
G+y+ D =A1-x-y-2xy) €, o0 ATH T=a 2

farg (OEJ@WW@@WWWWWWW
YT sin x cos y dx + cos x sin y dy = 0 &l
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e FHIH (1 + ) dy + (1 + y?) e dx = 0 %1 Tk faf¥re g a9 =ifag,
femgam g fd y=13fk x=0.

Hehel FHIHIT yeydx:(xey+y2jdy(y¢0)am€aamaﬂﬁml

FFHA FHEF (x — y) (dx + dy) = dx — dy &1 T fafsme ga @ wifaw, fe
TN T y=—1, 9% x=0 @ha: x—y=rT)l

e 2V y |dx
Fahel THHL NN d—y:l(xiO)aﬂwamaﬂﬁm

d
Wwd—z+ycotx =4x cosec x (x # 0) T TH Tafdr= g1 9« hifay,
WEW%ﬁy:OEIﬁ X=g.

Fqhe THRI (x+1)%:26‘>'—13ﬂ@ﬁﬁmﬁﬂ1ﬁm@,ﬁm§3ﬂ

g fF y=0ak x=0.

ot T =1 SEEN &1 9fg &t X fHE off vaa 39 e & fenfet =1 e
o GEMEIE 1 A T 1999 H TG T G 20 000 o 3 T 2004 H 25,000
off, @ 9w fF T 2000 ® TG &7 SHE@n F:0 E6?

e gt 2 E XY o e

y
(A) xy=C (B) x=Cy € y=Cx (D) y=0Cx

d
d—x+P1x=Qlé€Eqa1@laan@ﬂme€a%:
y

(A) yejpldy:j(QleIP‘dy)dwC
(B) y.eIRdx=J-(Qledex)dx+C
© el =flQel"*)ay+c

(D) erP‘dx=j(QlejP‘dx)dx+C

A FHHOT e dy + (y e + 2x) dx = 0 I 9h B 8
(A) xe@+x*=C B) xe+y’=C (C) yer+x*=C (D) ye+x*=C
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Teh TH g fagd wad = (F0) o Wy oh =R % STaeheld
(TaFars) giHfed e, e GHEH Hean &l

et aFd gHEW o Giafad STUaq %S &l Hiie, 39 &Fd
TR0 T Hife T €l

IfE HE Teehel YHIHL STahell H Jg9s THIH € dl 39 STadhel THiH
1 = gftenfya et 21

frelt sEha wHiR 1 W (Al gRefid 81) 39 ofashd FHiE o
Ginferd Seeas Hife Sfamhers %1 Swea 1d (had ©Hesh qUlih) il 2|
T ST U Tl THIHIU ] T HT ATl o 36 T6ehal GHIHI0 6
T Feo €| Tk UTH & oo 3o € W o=R o, i 39 saswa
TR0 T FIfe &, SATH T Hea € i W =9 U gad & fafre
T el €|

forelt feu gU e 9 s1asha FHIH 9H & U 29 39 Her H1 STt
St €1 9N eraeher id § Tia 39 e o WS 3 B € S a9 W
e H faqa 2

= geER i fafy T8 Tt %1 gd w6 & T 3w &) e @ o
R 1 g e W YU fH S e € el y Al U8 dy o WY T =en
AR x I TS dx S WY T el

d d
@wmw,mﬁd—i JGxy) o d—;c 8(x. y)e vy o

e faham < Thel ©, T&l £(x, y) T g(x, y) T o4 9] G0 B
&, T 3ferhel HHIH SHeer ¢l

ﬂ+Py Q,%h &Y I ahal THE, T9HH P Al Q =T 279l had
X

x % e €, YUH Hife aw faehel THIH SHedd 2l

ekl THIE faaH 1 THE el 4 W Tk € I9F 92 e € T eawa

HHRIOT T AT Ta=9l 11, 1675 Gottfried Wilthelm Freiherr Leibnitz

(1646-1716) 7 HeHaH Wﬁaﬂ—[,jydyzéyZ,aﬁ ferfga w9 4 eqd fean qen
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a—mﬁmﬁaﬁjaﬁidﬁqﬁﬁmaﬂma@a: Leibnitz THT &% =l TG T Hi
e ¥ WA 9 fousn vl e ke o, 39 99 4 w9 1691 § 3% AU %
R0y i’ o6 TNl 1 AFESE HIE1 Th 99 999 S (T hife &
TEEE T oh gl B %1 fafd’ w1 e R o S1n 58 SR ety
T H = ‘qgn wife % faw awe THiEw # g w6 & fafy’ &5
ST | foRae STl § TR SwEa wedt fafemi 67 @ el s St
S STl AHIERLT oh <o o J=did 991 b ey o Add 9 sl

YA H chadl HFHIEAUN o6 ‘B’ T I TR Hl ARl THRN b
‘TaeRe’ o ®9 H ffdse fR T em 9e IS WA 1690 H WeHd: James
Bernoulli, (1654 — 1705) & Fde H @1 =11 955 ‘T’ H1 FAUH FAM
Joseph Louis Lagrange (1736-1813), §% & 1774 H f&a @0 98 w0
FTehel HHIHIUI o 1 § S 100 &8 918 Wfed g3l I Jules Henri Poincare
(1854 - 1912), &, = T8 ‘Bel’ o AN <h {0 k1A deb Todd T,
Teld: STEh Tdel § W% T hl AU Sfdd FIM U g3l T H
geaR uiia fafy %1 AHEHT John Bernoulli (1667-1748), James Bernoulli ok
3T 51 fohall TR 3 20, 1715 %I Leibnitz %l fa@ o101 931 4, 31 f=fafaa
kel FHIH o Bl &l @l [T

Xy =2y

% B A TR T Tkl ATHA: Teerd, SIfawEed R T 9%l 6 TH g H
ARfeY AW &1 7E 3T © fF U0 W e ugh 9l sashd gHih o % g
Y TFT T 40 Hd &1 2091 Il o Saud H ‘ sTashel FHIHN o OIS
foreror’ 3t o faiia STashel UHIHN oh Tl i Slieel Hehid oh STawhR &4
M ThTd ToRal TR SATsiehel SH @I+ U HAfashi 8 cd Uiy & &g
H 7@ TH W H fan 2




ATEIT ST (Vector Algebra)

%

TR A o T o T e o ey
ST 9 8?7 T Peard & Taene] &1 A & I % 5
el < I8 7] TEAH % fau i W R YRR el
=MfeU? aelishd HifaT fh Jom U9 F1 Hafad 3™ 1.6
HreX 21 wehd 21 g U T v € o Shee s Ae
FE S U Akdfad Wen €, Wimfad €1 uE ufye
Afeer Feard 21 qenfy S W 1 S UF U 4w €
(8 5a1 e €) Togd woofiel +1 o ofmm &
wa-wy fan (e qow feard feq ) f ofmfma o 5 i
3 G b 1 wRE A st TR, @ R oag, VR R
e, T, Tia Tenfs e wike E 99 6 fasar, 99, =R, 99, 9R, Fe,
faea & &7 dgar genfs g faerd €)

W @A § BY Uil T B MUNYd FhouwTd, gfew w1 fafi= gfwand @i
b Sl el SATHAA TUEH] 1 SASHH S0 31 [ YR & [UEH & winfad
w9 w1 Hehew &1 g0 eygfa <a1 € o SwiEd =fed e § e favma
ST #1 SR Ui w )

AH ofifsu T forell aet stean To-fadta ofafie § 1 1% e @ 2 ) % fram =)
e 9 39 @ F1 9wl wen S wed! #1039 99 A © Tafvea e aedt 5%
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ff sk Y@ 5 W weardt ® [2meRfa 10.1 (i), (iD)])

l l l

() (i) (iii)
JTTHia 10,1

ara dfera wifew i afs gm0 @ o @ TErge AB 9% yfdEfud w139 ® @
T B 9 fee ws faen aredt e < w ufimrer fruffia e S #1036 Y e T
fee TamgE W eaT @ (S Ta 10.1(ii1)) | #1: T T tEnge ¥ it g fien
AT B 7

T T fer fad ufm we e 59 e €, ufkw weond 2

i fe i T e e ufiw g @ (efa 10.1(0), 99 AB @tean
HYNUE: 4, % ®9 § e ot € it 39 wfey ‘ AB ' weEen wfew ‘4 o wu H
e

I% fig A W&l W ke AB WR 2 8, Wi fog sheama & @i @ g B W@l
R Gfew AB, 9ATH 2ir € ifom g wearar 81 fedd wfkw & wifie e wifan faget
o = *1 g0 WKW H URA (SAUan TaE) FEed § SR T |AB| Sed |6 |
w9 § fafds fman s @1 R %1 Fem wfiw *57 e w5 A w5 2
FHifeh TaE HE S FONHE TR Sl ¢ T Hoha |G | <0 H1 HiE
¢ 7 2

feafa |fesr (Position Vector)

Fe X1 9, T fada faomed wwwifore f<ons vgfa &1 wor wifeg
(eTrepfa 10.2 (1)) efafter § 7a f6g 0(0, 0, 0) & Her ws wwr g P ofifow foees
HIF (x, y,2) 1 99 "W Op fowd O X pFow: Rfusw wd offm fag €, 0%
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Z V4
N N
A .B
*P(x,y,7) 7/ B
- 2> »C
r
> >Y
0(0,0,0) Y 0
X (i) X (i)
SRl 10.2

e fag P =1 fefa 9fe weam 21 S0 g9 (Fa0 XI ) 1 ST *W 82 Op
(3Ferel 7 ) =1 qior Frefafed &9 ¥y g 2

|OP| =+ 37 +2
RN § Ho fig O = wua, fogal A, B, C 35S o6 ferfd |fes %99 G,b,¢
4 ffése forw wma & [empfa 10.2(i0)] |
ﬁ_OE—EI'ﬁ'H'IBT‘T (Direction Cosines)
% 93 P(x, y,2) &1 fearfa O Op spemr 7 OfSIC S & emepfa 103 9 =@
T B |G ¢ x,y TS z-3787 1 YcHS TERMS S WieN S T HEIT: HIT

Z
C
V4 > ,/7 z 2 P(x,,7)
r_—~—
Y = .7
o) .- Jy %
ol .°
Fie B P
x/ -
e o
& 9g0

JMeR{d 10,3 X
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o, B, T y T 101 Feeld €1 3 HI0T & R JH S cos o, cos U cos y AT
7 o T~ FTUET FEAW € AR WHE: TR BES: [ mTE o ¥ s fFm wm 2
AMeFfa10.3, W B9 <@d € f Frgar OAP U= Tmahior et § oI 50 fres o &H

cos X ra1|F| <k AU T BRer TN W w ¥ g W e fege
r

OBPUWS OCPH & cos 2 TH cos = for@ Uehd €1 59 Wb g P o Tadumian!

aﬁ(lr,mr,nr)éqmﬁafﬂarﬂﬁmwufm%l oA & FANTE HeAd [y,
mr W& nr9EY 7 %6 fap 19 Fead € I T FEN: g, b Y Tl
Sl 2

T AR H THd & B L+ md +nd=1 W I a2+ b+ P |

I |G [Zero (null) Vector] TF Ti& foues s wd sifan fig wurdt 20 €,
I WS FEam € R 38 ¢ & w9 ffde fmn s 81 3= ufkw % w6 e e
o HaH & FT N Tehdl FF THHT IR0 I TT € Sl fahedd: 3! FE
off fegm 9Ro foRU g WM S w1 B WRw AA,BB v ufiy %1 frefim e €
U |IEST (Unit Vector) T €91 f5eem afiqm s (496l | 31E) © A 9w
Feam ¢ FRe 5w gu ufsw a 1 fawn o mee wiew # 49 ffde fmn s )

TE-3ATTEH ATEIT (Co-initial Vectors) I 12 1fereh |ieT o1 T g URfA fog
€, Ug oTfen oy wean €

T |G (Collinear Vectors) 3 & 31fer wfey afg wh & @ & "9 ¢ o
9 T ey FEAn B

HH WG (Equal Vectors) < GRS g gor 5 THH G Fednd € afs 3¥ep af@mm
S fm wHE ¥ TR a =5 o w9 § foran S 2

UM A9 (Negative of a Vector) Tsh Hiay foreep gfimmr fgu gu wfesr (WM
wifen AB )% ©aM & Wq fawe! faen f&u gu wfee =1 fxon & fauia &, fxu gu afzm
F SRUTHE FHeard &1 ITEE: Hes BA, W AB &1 SRUTH® @ N 39
BA=-AB % %9 ¥ foman = €l
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ST uftafid wfew 38 whR € T 50 9 fedt 67 o Suek uftmm wd fm
=1 gfafda foru fomr T & guier feenfia fepan < weha1 81 39 W < 9wl wda
e Feold B 38 R AAE H oH oA Fiee &1 g ==t H

afaqor W 30° 9fy=m o, 40 km & fawemgm 1
=1 Ao FrEg Fifen) W O g
Hfewr op i fagarq #1 frefyg w5 @ e
(3MRfa 10.4 3fEm)| — 3‘;
feptferfiaa =Tl =1 aifew T gfw H wg L £
T gufiag Hifadl v/
(i) 5s (i) 1000 cm’ (i) 10N
(iv) 30km/h (v) 10 g/em? P S
(vi) 20 m/s 3T 1 3R AT 10.4
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S Hehdl €1 Tk SIENST orad, William Rowen Hamilton (1805-1865 %) = &7
q&dh, "Lectures on Quaternions" (1853 %) ¥ e W@ & fau ok 3= &
AN Ty geel fRAr o T‘«l'g:Q'Eﬂ'q)f (quaternians) [® TF¥=E s T =1

e ® §la bi c] dk,i, J,k % B9 o =X AGEdias Gemst &
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T==| 1 efteed fafa e =1 7 fadia sfafe o o0 +9 =1 w58 +1 1%
B Tl 9enfy 89 gef 39 o1 =l Toeh o7awd wi T 9k %) Yheu it 37
ANTH 1 foaR sga- T 98l ¥ Plato (384-322 391 &) o Weh T3 wd M
TR 2R SAT Aristotle (427-348 8T 99) & el § € o1l 39 ¥HA I
SIHeRT ! Sheadl off fo 1 e sifaes aal =1 g3 fFa 37 Taia aqqs
& TRHER 9 F0 W W 1 ST Wehdl #1 Sl o Gaed %1 9@l Em, fE
el =T IRT Gfew 9 o fhan 1 Whal €, T Wi Sterin Simon(1548-1620%.) g1
e Jal 1 Teafd 5 1 €1 9 1586 H T2 791 IMEGE®, "DeBeghinselen
der Weeghconst” (G919 &T &1 &ell o THgd) H gl o AMEHA b SATHAE
Togra <1 fergeiwor T o TST&eh SRRl (>l o f9ehd § T e giadd gal
T 3Hh 915 Al WSS ® AUH Hehed 1 e R F 200 I% @ T

T 1880 T UH ! difds I WS TG Josaih Willard Gibbs
(1839-1903 %) & Wk &l “Ifar Oliver Heaviside (1850-1925 %) ¥ T
Tl o aredfass (STfEE1) AN &l weare (HfEET) WM § gUe wid gl uiky
fageiwor 1 o fohar om T 1881 37X 1884 H Gibbs 1 "Entitled Element of
Vector Analysis" 9% Teh 119 GRdeh] SUEE| 36 Jeash H H<9l &1 Th HAIS
e Hitra faeror fean gan om a9y |feen & A &1 e s & Hifd
D. Heaviside T P.G. Tait (1831-1901 ) ! 7 & f=i 30 faw= & fou wef®
IEM fea 2
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fa&foeh T, Kefr
(Three Dimensional Geometry)

¢ The moving power of mathematical invention is not
reasoning but imagination. — A DEMORGAN <

11.1 Héed k (Introduction)

d{kXI ehoSyfld T, Kefr dkvt;;udijrsl e; f}&foeh
v S f¥foeh fo'k leoQifjp; eageuslo; ad lso®y dklZ
fof/ rd | Her j[kg8bl itrd o&fiNysvik k eageus
| fnkedhew | dYiuw led kv i ; u fd ; kg8v c ge | fn’ e
ofch xf.k dkfd&foeh T, Kefr eam ;& djréfd&foeh
T, Kefr eabl mike dkmns; gSfd ;g bl oQv ik ;u dls
vBaljy ,oal dfpiwZ(| gky;) cuknsk g&

bl vk k eage nisfcngladisfeylusolyh jBik o8
fnd &d 1§; k o fno&vugh dkvi;u djasv i fofHu
fLAr ; leeav afj{keajflw lev IS ry leo QI eld j. Kanlsjp v
nsryleo ,d jplkvis ,d ry ofQclp dkdisk nls
fo'leryh jpHv leoQctp Uwe npho ,d ry dh,d fbnq
| snjho&fo"k esHhfopk foe KO jmdm jiBr ifj. helged s Leonhard Euler
v f/ d kki fj. kelad Il fn’ keoQ: i eaillr d jrsgBrFAKi ge (1707-1783)
bud kd ktZ : i esHhv ugh djast led ly laj eaflF{r d kLi "V T, Kerh v iSfo’y % ked
fpkkikrgdj | oSIA
11.2 j ik o0& no@d Kskou v KSTno&@ ugk (Direction Cosines and Direction
Ratios of a Line)
vi k 10 ehlej.kdHt,] fd ew fengl sxfgjusoly hl fn' kjBikL }kkx, y v S z-v {Ka
08l Kk e’ ko] B vy cuk x, diskfno@d lekd gy kg c bu dlshked hd i lbu uler %
cosa, cosP v BBcosyjbk L oQfno@&d kK tou ( direction cosinesor dc's) d gy kh g&

*  For various activitiesin three dimensional geometry, one may refer to the Book
“AHand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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;fn geL dhfn Kkfoijir dj nesg& lsfno@d IsH v i usl bjrd leeav FZ~m-al, ©-B v IS
-y | scny t ksg8bl idK] fno@&dkkbu oQfp cny t ksg8

s
............. y
r F :
e L] |
. S
1 [ x 1
: . S
: - o
AT s e
YV Y
1 x N
vioQ 11-1

L konHt , ] v afj{keanh xbZ Bl d lenidoi jir fn’ kv leeac<kl drsg& S bl fy, bl o0&
fno@d ks bu ofnisl ew gBbl fy, vafi{keakKk jEiko&Qfy, fno&dkbu oQv firh
| ew 08fy,] geaKk jflkdls,d | fn kjblkysk pkg, Abu vilrh fno@&dislou dlis
LmviBnoQlKkfuinZ/ fd, t ksgl
fVIi . K1 v afi{keanhxbZ Bk ; fn ew fcnd sughexyjrhgSisbl d hfno@&d ks bu d lsKk
djusoffy,] ge ew fbnd snhxbZflkoQl ekj ,d jBk[ kprsg8v c ew fbnd sbuea
I's,d | fnkjbko®fo&v ugk Kk djrsg8D; Kd nisl elgj jEHhv loQfno&v ubk ko
|l ew | elu (ogh glesg8

,d jpik oQfno@d s tbu o0&l ekigkh | p; W lad lsjsk 0Q fno&v ugk (direction
ratios or dr’s)d grsg8; fn ,d jBlkoQfno@d Kk tu I, m, no fno&v ugk a,b, cglerc
fdl h'Kdsj Le Ro&fy, a=MA, b=lm vigBc=n

a== Vi | ofN ypld fno&v ugklad lsfno&l B; k jHh d grsg8
elu yHt, ,d jBko&fno&v ugk a,b,cvIiSjskdhino&dtou [, m, n glrc

I m n
—=—=—=k (elu yHt,), k,d vpj g8
c



f4&foeh T, Kefr 479

bl fy, l=ak, m= bk, n=ck .. (1)
ijaq P+m*+n*=1

bl fy, BP@+b*+c)=1

-k k==t 1

, - _'\/612+b2+02

Vr%(1) | 5jbkdhfno@d K tou (d.c.iit)
b c
==+ ,m== ,n=x%
\/az+b2+c2 \/ar2+b2+c2 \/az+b2+c2
fdl hjpkk oQfy, ;fn jBlk 0Qfno@v ugk e Kea, b, c gBriska, kb, kc; k+# 0 Hb

fno@v ugkled k, d | ey g8bl fy, ,d jEko&fno&v ugkleoQnlsl ey Hh | ekigkhglaa
vri%fdl h,d jpkoQfno@v ugkleoQv I h; | ew glssg8

11.2.1 jpkKd hfno&d ks ku eal ad (Relation between the direction cosines

of a line)

elu yHt, fd ,d jblkkRSdhfno@dktou [, m, n gBew x

fond snhxbZjpko®! elaj , d jpk[ kip, vIBbl ij ,d o

fengP(x, y, z) yHt ,AP I sx-v{kij ya PA [Hkép, R} =
= q;.\,lfl

(vio@® 11-2) A L

: fn OP = . rlecoso=ar =X (11 sc=Iritr glekg8 . — 1"1.
OP r - -

bl hidk y=mrvgz=nr : *i \

bl fy, X+y+2=r F+m*+nd) A | ':""1. A

ijaq *+y+z2=r vio@® 11-2

V% P+m*+n=1

11.2.2 nksfb ng kad ksfey kusoky hj fkd hfno@d Ks kou (Direction cosines of a line
passing through two points)
D id nisfn, fenglal sgldj t kusolyh jBlk v firh glsh g8bl fy, nisfn, x, fengla
P(x,»,z)viB Qx,»,,z) | sxgjusolyhjpk dhfro@d Kk tu dlisfub idk | sKk
dj 1 drsg8(vioG® 11-3(a)A
ek yHt, fd jplPQdhfno@d ktou [, m,ng& 8; g x, yv i8z-v {ko& Hkd ek
e Koo, B,y cukhgl
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elkuyhft, PviSQl sya [Kip, teXY-ry disRrRkSij feyrsg8P I s, d
vU ya [Kip, t QS diNij feyrkgB8vc | edlsk faHy PNQ e ZPQN =y
(vioG 11.3(b))bl fy,

>y * §
- L ~0
-~ -~
e R e
x [ X (%)

vio@ 11-3
NQ z,-z
=5~ ho-

bl hidk cosq = ~2—1 kacosﬁzyZP—_le

vr%fenglaP(x, v, z) rAk Q(x,, v,, z,) dlst Blusoly siEK W PQ fd fno&d k tou

Xo= X Vo=V Z7Z4 98
PQ PQ PQ

2
t gk PQz\/(xz_xl)z+(y2_y1)2+(22_zl)
fcng leP(xl,yl, zl) rFle(xz, Yy 22) d st Wusoly sjEi W oQfno@&v ugh fuBl
idhk | sfy, tkldrsg8
xzﬁixl’ yzﬁé/l’ Zzﬁil’ ik xl 1:@Cz’ yl @2’ Zl ﬁizz
;fn, d jBlkx, yrAkz-v {ked h/ uked fn’ lkko&l Kk e’ kR90°, 60°rRAk30°
dkdisk cukrsgSrisfno@d s bu Kk d Ht , A

1
elu yHt, jplkdhfno@dktkul,m,n g8rc [=cos90°=0, m =cos 60°= —,

2
RE

2

n =cos30°=
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fn,d jEko®fmo@v ubk 2] &1] & g&lsbl d hfno@d ks tou Kk d Ht , A

fno&d K bu fuBior~g8

2 -1 -2
N N L Y SR () SR
2 -1 =2
v Rz~ - — —
33 3
nisfeng le(F22, 4, #5) v I8 (1, 2, 3) d Isfey kusoly hjEkd h fno@d K tbu Kk
dHt, A

ge thrsg8fd nisfenglaP(x,y,z) vifQ(x, v, z) disfeylusoly h jpk dh
fno&d I tou

Xo =X =W Z 7%
b b

PQ PQ PQ
g8t gk PQ= \/(Xz _x1)2 +(, _y|)2 +(Zz _21)2
19KPV$Q e‘le/o(ﬁﬁ, 4aﬁ5)\/i§(1’2, 3)98
bl fy, PQ= (- (2> + 24+ B~ (-5)* =77
bl fy, nisftny tad lsfey kusok h jEkd h fno@d K tou g%

3 -2 8
NN N
X,y VvIiz-v {kad hfno&d s tbu Kk d Ht , A
x-v{k e Kox,yviBz-v{ko&l Kk0°90°v 5§ 90°0&d lskcukk g8bl fy, x-v{k
d hfno&d ks bu cos0°, cos90°, cos90° v RZ~1,0,0 g8
bl hidh y-v{k viBz-v{kdhfno@ditu e 0, 1,0viE0,0,198
n' K&, fd fcngA(2, 3, 1), B(1, #2, 3)visC (3, 8, #l 1) | pskgs
AviBB dlsfeykusoly h [k o0& fno&v ugk
118, 8, 3+4v e, 5,798
B v BC d isfey lusoly hjpk o&fno@v ugk 3 #&, 8 + 2, #E11 §B, v -2, 10, 4 g8

Li"V gSfd AB v 5 BC 0Qfno&v ugk | elughkh g8vr%AB v IBBCI elaj g&jijaq
AB v I8 BC nigleeaB mtk fu"B g8 v r%A, B, vig Cl ggkfcnqg8
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i zuloy h 11-1

I. ;fn,d jpkx,yviBz-v{koQl Kk e’'K90° 135°45°08d lskcukkhgSJisbl d h
fno&d k bu Kk dHt , A

2. ,d jpkdhfno@disibu Kt dHt, tlsfunZhgheo®!l Wk | elu disk cukkh g8

3. ,d jbko&fno@v upk S, 12, #4, gSrisbl d h fno@d ks bu D; k g%
4. n' W8, fd fenq(2,3,4), (8, 82,1),(5,8,7)| gkg8
5. ,d fdg dh Hgwladh fno@d klou Kk dHht, ;fn fH#ly o0&’ KK fcng

(3,5, &), (&L, 1, 2) v p(15, 15, 12) 98
11.3 v afj{keajpkd k| eld j. k (Equation ofa Line in Space)

d {k XI eaf} &foeht ry egfhwiladkvt;;u djusoQi’pk~vc ge vafi{kea,d jBk
oQl fnkrAkdkhZ | eldj.kad lsKk djaé

,d jBkvfirhr%fu/ Er glkhgPB; fn

@) ;g fn, fengl snhxbZin' ki sgidj t khgPB;k

@) ;g nefn, x, fcnglal sgidj t kh gl
11.3.1 fn, x, fenoAl st kusoky hr Bkfn, x, | fn’k /» o8&l elkaj jpkd kI efd j. k
(Equation of a line through a given point A and parallel to a given vector )

l edl id fun@hek fudk oQew ftngO o8I kék * §

——

el yHt, fd fengAdkl fn' kd g8ek y Ht , fd - K. N
ftngAl st kisoly hrPkfn, x, | ik b o€l elsj o =
il [ gBelu yHt, fd [ij fLAc fd1 h LoBN fcng ol .f;,
Pdkflir | fk 7 gS(v oG 11-4) A e .

- . - 0 i
rc AP I fnkb ofl elnj g RZ~AP=Ab, t gk /
A,d oHrfod | h; kg8 %

vio® 11-4

ijaq AP = OP ffhA
v P~ Ab =F—d

foyler%ilpy LoQiBd ek offy, ;g | eldj.kjpko®fd | hfcng P d h fLFér i ok
djrkg8vro%jbkdkl fnkl efdj. kg%

F=datLb (1)
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; ];:ail+lpjj+cl\! 99lsj bk oQfno&v utk a, b, cg IBfoyler%;fn, d jbk

oQfMo@v ik a, b,cgle'lel;:alj+bjj+c}cjj[slkoﬁ)l elaj g&IA; gkb d 6| b|ul eskt k A
[fnk: i skt :i QU djuk(Derivation of Cartesian Form from Vector
Form)
el yHt, fd fn, feng Ao&funZkd (x, y, z) g8V jbk dh fno&d k tou

a, b, cg8eh yHt, fdl hfcngP o&Qfunghd (x, y, z) gBrc

- 1 1 kj ~ d 1 }g

r=xi+ y+zk;a=x1+y ]+ z
vIis b=a z'l+ bjj+clg

bu eluled Is( 1) eai &r LAKi r djo@lj, JJVKS }g,onqI&dledhrqukdjusij ge iks
g &fd
x=x+A; y=y +Ab, z=z+h . (2)
;sibk oQilpy | eldj. kg8 (2) | silpy Adkfoylsu djusij] ge iksg%

X— X _y_yl :Z_Zl
a b C
;0 jbkdkdkiZ | eldj. kg8

. (3)

;fn jplkkdhfno@dstou [, m, n gBrisjplkdkl ehdj.k

X-X _Y=¥» _z-7
/ m n

g8

fong(S, 2, ) 1 st kusoly h r Akl 'k 37 + 27— 8& o0&l elej jEkd kI 'k
(P dkIZ | efd . had lsKk d Ht , A
geakKk gPHfd
i=st2fafvisp=3li2f-sk
bl fy,] jEkdkl fn kil efdj. kg%
F=st+27 a2t s s
ofd jBkij fLFc fd1 hitngP(x, v, 2) d h iLFkr | ik 7 gB bl fy,
wtvy Je R = steofoade 32 g A

= 5+30)i+(Q2+20) j+(=4-8\)k
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Adkfoyku djusij ge iksg8id
x=5 y=2 z+4
3 2 -8
tlsjplkk 0Ql eldj.kdkdkhZ : i g8

11.3.2 nksfn, x, feng kd st kusoky hj Bkkd k| etd j. k (Equation ofa line passing
through two given points)
eluyHt, ,d jpkij fLFc nisfengleA(x, y,z) v BB(x,, y,,z), o&fLAr | fn' k e Kb

G vIBh g8(vioa 11.5)A
el yHt, 7 ,d LoBN fcngP dk fLF4r

| fnk g&rc P jpkij gS;fn vIiB o®y ;fn i 2

AP=7—d Ak AB=b—a | gkl i’ kg&ol fy , e

P jbkij fLAc gS;fn v IS 08y ;fn -
F—d=nb-a)

Tk F=d+h(b d),heR ..(1) ¥

tisjplkkdk | fnkl eldj. kg8
[fn'k: i IsdktZ : i QW djuk
ge iksg8&fd

P I | - 1 1 -
r=xi +y]+zkj,a:xll+yl]+zllg,vl§bzlej+y2jj+z2kj
bu eluladIs( 1) eaifrLPAKir djusij ge iksg8&fd
x§+y}+zl€=xlf+yl}+zlle+k[(x2 —xl);+(y2—y1)}+(zz—zl)l}]
lJ, ]J, /\!onqu ladhrgukdjusij ge iksg8&fd
x:x1+K(x2$ﬁxl);y:yl+l(y2$ﬁyl);zzzl+k(zz *ﬁzl)
Adkfoyku djusij ge iksg8fd

X=x% _ V=W _ 275
Xo2=X1 V2= 2272
tlsjplkk 0Ql eldj.kdkdktZ : i g8&

mlgj . k7 feng le(fE, 0,2) viB (3,4,6) 1 sgidj t lusoky hjphkdkl f ki erdj. kKk
dHt, A

gy ekiyHt, @vis b feng A, 0, 2) v I5B(3, 4,6) o&fLAtr | fn' kgl
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re =1+ 2R
VIS b=31+ 47+6R
bl fy . b—G=41+ 47+4R

eki yHt, fd jEkij fLAc fd 1 h LoBN fcngP dkfLFkr | fn'k 7 gBv r%jpkdk
I fn k| erdj.k

Fo—dvodin@ds atead)
x+3 y-5 z+6
2 4 2

,d jBkdkdkiZ | erdj.k g8bl jEkdkl fn ki erdj.k

Kk dHt, A
fn, x, leldj.kdkeld : i
XN _YTh_zZ7a

a b c
| srqukdjusij ge iksgdid x =#B,y =5,z =f;a=2,b=4,c=2

bl idk vHIV jphkfong BB, 5, 856) | sgidj t khgSrAkl fn' k 211+4]J+2kJ 08

| elj g8 el yHt, fd jBkij fLFc fd| hfcngd hfLREr | fn'k 7 gSrieiBhkd kI ' k
| efdj.k

7=(—3f+511—6kj)+k (211+4}+2k1)
1hkim k g8

el yht, fd L vKBL, ew flcngl sxtjusoky hnisj bk | g &t uoQfno@v ugk e’ Ko
a,b,cviBa,b,c,gBiqwel ytt, fd L ij,d fengP rBL,ij ,d fengQ g8
vio@® 11-6 eafn, x, | fnn kKOPv i OQij fopk dHt, Aelu yHt, fd OP v BOQ
ofclp UwdlskOgBvec Lej.kdHt, fd | fn kaOP v 5 OQ c@MWd e’ Rba,, b,
c,viBa,b,cglblfy, moQclp dkdlek6 7

aa, +bb, +cc

Jai +b2+c i +b} +c3

cosO = }kim k g8

iq%sin O 08: i ehjphvlaoQcip dkdlisk
sin 0= ,’1— cos @ | simkgS

_ - (a,a, +bb, +cc, )?
B (5112"‘1712 +Cl2)(a§+b22 +C§)

vio@ 11-6



486 xf. k

\/(012 +b} +clz)( a +b;+c; )—(ala2 +bb, +clcz)2

J(@+67+c2 )y (a3 +07 +¢2)

_\/(albz_az b + (e =—be)Ha-ca) 2)

J (a8 + b + ¢ Jaf + b} +¢3f

e VI W) m fLFr eatc jbk L v L, ew fenql sugraxgjrh gSrisge

L,vIBL,08I elgj] ew fengl sxtjusoly hjblks i e KoL’ o L', yssg8;fn jblv la
L vIBL, 0Qfno&v ugk lo&ct k fno@d k bou nhxbZylst BsL o&fy, [, m n vIB
L oQfy, L,m, n ris(1) vi(2) fublfyflk ik i yas

cosO=|[ L+mm,+nn| (O I>+m’+n'=1=0+m;+nl) ..(3)

vis sin 6 = ‘/(11 my—l,m, )2 —(myny=mym))* +(n 1, =ny 1) - (4)
fno@v ugk a,b,c v a, b,c olh bk
(i) yaor~gB;fn 6=90°%vAZ~(1) | saa,+bb +cc,=0
T ; 4 b, g
@) lek gb;n O6=0,vAE~(2) | s— =—=—
a, b2 Cy

v ge nisjhv leo®ctp dkdlskKk djasft uo®l eldj.kfn, x, g&;fn mu jbkv la

F=a+Mb vIBF =, +pb, oQctp Ywdlsk® gS

o b -b>
rc COSU = | T 7171
15,| |5
dKIZ - i esfn [phviee  —L = y;yl =224 (D
| G
X=Xy V=Y _Z7Zy
= = .2
v IS a b, - (2)

oQctp dkdlskO gSt gkij$hs (1) o (2) o&fno&v ugk e’l%a],bL c,rFik

a, bz, c,gSrc
aa, +bb,+¢c

Jat +b7 +ci @} +b} +c3

cos 0 =
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mlgj. k9 fn, x, jEk&; %
7=t atid 22
vIE 7 =5t uate 26
oQet; diskKk d it ,
gy ek yHt, b = o dadve b, = Y
niglej kv leoQet; disk O gB bl fy,

b | | @2+ 2 6re27 68
cos 0 = |T=7=7|=
][5 JT+4+49+4+36
3+4+12|_Q
3x7 | 21
19
V% 0 = cos™ (Ej

mlgj . k10 jBk&; %%
x+3 y-1 z+3

3 s 4
x+1 y—4 z-5
Ve 1T -1 2

ofQet; dlskKk dHt, A
gy igyhjpko&fno&v ugk 3] 5] 4 viSnwjhjEko&fno&v ugk 1] 1] 2 g8; fn muo&
ctp dkdlskO glsrc

31+5.1+4.2
NP 45+ A1 422

16 16 83

5046 s5\2+6 15

cos 0 =

8/3
Vv r%v HV dvskcosﬁ{ s J g8

11.5 nlsj kv lkaoQet; U wure njh (Shortest Distance between two lines)
vafj{kea; fn nisjsls jijLij iZ@PNa djrhgSrismuoQclp dhUwure nph’Kd g8V IS
v afi{kea; fn nisjsls j| elnj gSrlsmuoQctp dh Ywe nji muoQclp yaor~nph glgh
vAZ~ d jBko&,d fengl snivjhjblkij [ Kpk x; kyaA
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bl 08V friDr v afj{keh, 5 hHaj§Hk | £
glshgStlsu risizrPNeh viS u ghl elgj
gkh g8 okro ea,bh j§kvie o€ ;% -
vieryh glsgs K blgafoleryh bk | . }."L—;.b

. . . - T
(skew lines) dgrsg@ mnigj.k;k ge I‘.‘(\ 1“:--___”_
vio@ 11-7 eax, y v z-v {k 0Qv ufp’ k ;_: ... [
e’ 1] 3] 2 bd bZoQv K § oly sd e]si | ' e .

fopk djrsg8 E'__’_,r“":’!t ﬁ\«u

) , X

jBk GE Nr o&fod . KoQv utn’ kgSv B vioGr 11-7

iElk DB, Ao@Bhd ~ij Nr oQdlesl s
xtjrhgbZniol oQfod.koQv utn’ kg8 ; sjflks jfo'leryh g8D Kd osl elgj ughagSr IS

d Hbh feyrh Hh uglag8

nisjpv leoQchp Uwre njph| sgekkv fHik ,d ,bsjbl Wl | sgStls,d jbikij fLF«
,d fenagdlenjhjbkij fLAt v U fenod lsfey lusl silir glarkd bl d hy abajure gl
Uwe niph jBK W nislafo'leryh jBhv laij ya gleiA

11.5.1 nisfolery h jEkv lmoQcp d h njph (Distance between two skew lines)

vc ge jBiw leoQctp d hUwe nph fuBufy f[ k fof/ | s
Kk djrsgBek yHt, /[ v/ nisfoleryh jbks i gS___"If-———

ft uo®l endj.k(vio@ 11.8)fubufyf[k g% I

—__0
'|‘--—H_.
Fo=a+\h G 2
|
g ]
F=a+pb L(2) J\—)
v i b TR D, (2) 2 = L.
ik ij dibZtnaStt | dhilfr | fnka, v#SLij dkzZ vio® 11-8

fcngT ft | d hfLRtr Ifn’kazAgSyh‘t ,Arc Jwe njph
I fnnkdkifiekH STdk Uwe nphdhfn' keaighk dhek oQl elu glgk (v uBNs

10.6.2)A
;tn [ viS] ofctp dhUure nihl i kPQ gs; g niskeh, VIS b, ij ya gisM PQ

dhfn keabd Z fn' k] bl idk glhfd

!

St
1
S >
X |I'x
N@"l l\)@l
—~
(0%]
N
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rc F(j:dﬂ

t gkd, Uwe nph | fn' kd kifjekk gBeki yHt , ST vlﬁﬁ(ﬁ ofclp dkdlskO gBrc

PQ = ST |cos 6|
PQ-ST
ijaq cos 0 = —|ﬁ||ﬁ“|
da-@ - a) .
= —dST (oW ST =a, —aq,)
(b, x b,)-(G, —d,)
= — 3) 08}
ST |b1><b2| ((3) o8} KK
bl fy, v HiV Uure nph
d=PQ=ST |cos 0|
) - (b x by)-(@, = d) o8
| b x b,
dktZ : i (Cartesian Form)
B 186
,x_xlzy_yl _Z7 4
a q b G
VI lzzx_xzzy_yzzz_zz

ofclp dhUwe nphgH

J(blcz - 17201)2 +(ca, —cq )2 +(a,b, — azbl)2
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11.5.2 | elaj jBKv laoQctp d hnjh (Distance between parallel lines)
;fn nisjbks i/ ;fn L] elaj g8risosl eryh glsh gBekknh xbZjpks | e’ Ko

F= G o+ AD .. (1)
s F=ad+pb ] (2)
gBtgk/ ij fenqS dkfLRtr | fn kg v i/ ij fengT ;5?-,
— T = .
dkflRr | fn'k a, g§ vio@® 11.9)
DWd [, vis Lleryh g&;fn fenqT I s/ ij
My sx, ya dkiln P gSc jpkv e/ v/ ofctp dh 4] T ’
] L]
njin =[TP| S(a)
vio@® 11-9

ek yHt, fd | f KaSTv B b o&ctp d kd ek O g&rc]
b x ST = (| b|| ST|sin 6)4 .(3)
t gkjBk le/ vIS Lo®ry ij ya bdwZ ik A g8
ijaq ST = 4, — G,
bl fy, (3) | sge iksg8fd
b x(d—-d) = |b|PTA (D #d PT =ST sin 6)

v FZ~ |5X(52_51)|=|5|PT-1 (as|r!|=1)
bl fy, Kk jElv leoQclp Uwe njph

d:lP |:

bx(d,—a)

5]

mlgj . k11 j[slk/lellvlﬁlzo@cf‘p dhUwe nph Kk dHt, ft uo&l fn' kl eldj.kgS6
P RO S Y o (1)
2t drwatsiady L@

r

vig F

gy lelj.k(1) o(2 dhr :le+7»l;lvl§ 7 :52+,ul;2,| srgukdjusij ge
i ksg8&fd
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bl fy, c‘zz—c”zl=f—kj
vIB boxbh =28 - J+yx3t-572Y
1
-
R R Y Y
3 -5 2

bl idk b xb,|= 0 +1+49 =59
1 2

bl fy, nhxbZ Bk leoQctp dh we njh

_ (Elxgz)'(ﬁz_al)l :w:i
e S

fuBiify f[ k nh xbZ bhv el v IS 1,
Fetiofadinc2dzteed)y
VIS F=31437-58+u(2d431+60) 000 Uure nph Kk dHt A
nielajEKs j | ekp g8 (D, ) geailklr gSid
G =1+27-4R, 4, = 38+437-5R vig b = 28 +3 7+ 68
bl fy, jphv leo&Qchp dh njph

6
-1

w/4+9+36
1 1 kj
|[-9i+147-4Fk| 293 /293 5
= _:_g

V49 Jag 7

N
3
1

12 -3 -4 4 12 3 3 -4 12
n kg, fd fno@dkbu — —, —; —,—,—; —, —, — olghrh
13 13 13 13 13 13 13 13 13
jBK iijLj yeor~g8
nHE, fd fongldl, #, 2), (3,4, 8R) 1 sgidj t lusoly h jEKfcng I8(0, 3, 2) v IS
(3,5,6) | st lusolyhjplkij ya g8
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n kg, fd flcng kg4, 7,8), (2,3, 4)1 sgidj t oy hj§ W fieng le(il , 2, 1),
(1, 2,5)1 st lusoly hjglkoQl elj g&

feng(1, 2,3) | sxq 3270 doa
| elgj g8
fengft | d hfLAfr | fn’kZZJ—j+ 4Igl sxq '1'+2]J—/g dhfn Kkest lus

olwhjpk dkl fn kviSdktZ : ilgeal eldj.k Kk dHt, A

m jbk dkdkHi | ehdj. kKk dHt, tisfenq(BR2, 4, 5) 1 st kh gSv IS
x+3 y-4 z+8
35

ofl elaj g8

x=5 y+4 z-6
7

,d jplkkdkdkiZ | eldj.k g8bl dkl fn k| erldj. k Kk
dtt, A
ew fongy B (5, 1R, 3) 1 st kusoly hjEkd kI fn' kr Ak d kIZ : ileeal efd j. kKk
dHt, A
fong le (3, B2, #5), viB (3, 2, 6) | sxq
eal eldj.kdlsKk dHt, A
fuBfy [ k| EH8; dleo@clp dk d sk Kk dHt , %
i) F=28-57+R+231+27+6Dv s
F=7r—6R+u(t+27+28)
i) 7=30+7—2fn@-7-2/ vis
P2 osefen 574
fuBLfy [ k| B H8; dleoQctp dk disk Kk d Ht , %
x=2 y-1 z+3 x+2 y—-4 z-5
= = V$ = =
2 5 37478 4

y Zz
T e— T — VIG
2 1

@)
x-=5 y-2 z-3
4 1 8
I-x Ty-14 z-3
2p 2

(D)

N | =

pdkek Kk dit, rkd jBls

7-Tx y-5 6-z
3p 1 5

vig ijlij ya gl
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) x=5 y+2 z X y z .
fn[ Ko, fd jEK j——= Zuwi_X_Ziiliva a8
[ iBKs | - = 1 lﬁl >3 jij ya g
bk lef=(zj+2jj+1§) + k(zj—JJ+k’> vlsfzzl]—f—zc‘w(zhﬁz/c’)o@

cltp dhUwe nph Kk dHt, %
x-3 y-5 z-7 )
= = 1 ofctp dhUwe nphKk

. lkllex+1—y+1—z+1
RS Te T T YR T T
jBHs ] ft uo®I fn' k! ehdj.k fuBufy fl k gBo&ctp dhUwe nphKik dHt, %

dHt , A
F=d2 o3+ ad@-3f2Bh ver=atisirefvn@d o3t

Bk ] ftudhl fn k| efdj. kfuEify f k gBo&ctp dh Uure Kk dHt , %
A=+ (-2 F+G-2n R viBF=(s+D P+ 2s-1) - 25+ DA

;7.'
i | skik fd; kt kl drkgS fn fukfy f{ k ed sd bz, d " kZKk gko
:i ed ery

,d lery divifirh :
|l ery dkvfHya viSew fend sl ery d hnphKk gBv A~ fHy a

@

dkl eldj.k
@) ;g ,d fcngl sxq
@i ;g fn, x, rtu vl gbkfcnyg led sxq
vc ge lerylgoQIl fIn kviSdkiZ | eldj.kad lsi Br djasé
,d lery ij fopk dHt, ftl dhew fcngl syaor~nphd (d #0) gq v i@ 11-10) A
. . K
:fn ON ew ftnql sry ij ya gSrAk ON 0@ 1
vuir k A eldd viHya | fnkgSc ON=d A .
gBel yHt , fd | ery ij dbZcngP g&bl fy, ] ! v S
R —— |I t-'l_. P
NP , ON ij ya g8 -*f': i
A i
_ ] |" i g
vVIr% NP-ON =0 (1) III ::""g'__.l-"_'\ \'\-\_
1 l — _ 3
P dh fLAr I fn'k 7 gSrie /f‘_i'_-——- -
L3 vie® 11-10

ek yHt,
NP=7-dAd (D ON+NP=OP)
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bl idk (1) dk:i fublfyflk g%
(F-dn)-dn=0

K (F-dn)-n=0(d=0)
K Feon—dn-n=0
v i~ Fn=d@OW nn=1

()
;9 lery dkl fnkl eldj. kg8
dktZ: i (Cartesian Form)

lery dkl fnkl eldj.kgSt ng,JlIery ofQv fHya bd bZl fn’ kg8elu yHt, | ery
ij diszfcngP(x, y, z) g&rc

@:F:xzj—i-yjj—i-z/g
ek yHt, A dhfro@dktou I, m,n g&rc

;%=lzj-|-mjj+nkJ

F-n oQekiadls(2) eaifrLPir djusij ge iksgh
(xz‘|+y]J+zkj)-(llj+m}+nlg)=d
v P~ Ix+my+nz=d ...(3)
;g lery dkdkhZ | eldj. kg8
|l eldj.k (3) imW djrk gSfd ;fn }7~(a'll+b]'l+clg)=d,d
l ery dkl fn’kl edj.kgSrlsax+by+cz=dl| ery dkdkh | eldj.kgSt gk
a,bviBcl ery oQvfHya oQfno&v ugk g8

6
m |ery dkl fnkl eldj.kKk dHt, tlsew fend s—@dhnjnhij gS
, d d /g
viBew fengl sbl dkvfHya | fn k2 7 — 37 +4 kg8

ek yHt, n= 211_3JJ+4}(JgSrc

)i 2d-37vad 234l

|| J4+9+16 J29
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bl fy, lery dkvHiVIeHdj.k
a{ 2 1 31 4

6
r- EZ—FE]JFE}(J):EQQ

I ery F-(6il—3jj—2l€)+l =0 ij ew fcnd sMiy sx, ya bd b2 fn’ kd h
fno&d ks bbu Kk dHt, A

Il ery oKk | eldj.kdlsbl idk QD fd;ktkl drkg%
F—68+3M20) =1 (D

ve l-68 +3/ 428 = \B6+9+4 =7

bl fy, (1) ofnlelei {kadls7 | sHix djusij ge iksg&id
2 1
F~[—ézj+ éjJJr—}ij=—
7 7 7 7
tifd | ery dkletj.ki.#=do&: i dkg&

. J 61 31 2kl ,
bl | sLi"V gSfd :—7z+—]+7— | ery oQya bdWbZ fn"kgS lsew fbnq
| sxtjrkg8bl id§ Jdhfo@dkiu —0 3 24s
777

lery 2x 83y +4z1 =0dhew fend snph Kk d Ht , A
D id ry oQvfHya o®fno@v ugk 2, 18, 4 g5ol fy, bl d hfno@d K tou g%
2 -3 4 2 -3 4
e 22 (37142 234 Ve o Voo
bl fy, |etdj. k2x#By +4z 8 =0v Az~ 2x By +4z=6 dle,[29 | s djus
ij ge illr djrsg®

2 -3
—_x

4
=) + =

\29 \29 \29
kew

vIB;g Ix+my+nz=d,o8: i eagSt g

6
z —_
29

fcngl sl ery dhnjh d g8bl fy,

6
| ery dhew fengl snjph E g8
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mlgj. k16 ew fengl sl ery 2x §By+4z§ 6 =0 :':'
ij Mgsx, ya ofilk oQfunZid Kk dHt,6 A

gy ekwyHt, ewfend sl ery in Mgsx, ya of ':':
il Po®funikd (x,y,z)gS(vioG 11.11)A ‘-:"' j
rc jbkOP o&fno&v ugk x, v,z 98 f,

lery dhleldj.kdlevfHya o®: i edy[hsij ge
x.l’..
i ksg8&fd

vio@ 11-11

2 3 4 6

x— + z=
J20 ¥ o

t gk OP 0&fno@yv ugk 2 32 s
(o] no&kv U —— T T p—
9 ¥ 29 V29 Y29 °

D ,d jEkoQfno&dstbu v IS fno@v ugk | ekighh glssg8vr%

2]

2 T3 T3 =k
29 29 29
2k =3k 4k
v &~ .xl = J_ yl \/— \/—
6
bu elulad sl ery o8l etdj.k eairLFir djusij ge iksg&d k= —/—
y J J ] 9 g 5
vr%ya oQiln oQfunZid (2,_—18,ﬁj
29 29 29

== fVIi . k| ;fn ew fcngl sl ery dhnjh dglsviS |l ery oQviHya dh
fno@d ks tou [, m, nglerc ya dkik (Id, md, nd) glskg8

11.6.2 ,d fn, | fn"ko&Qv uga rAkfn, fcng s
gkdj t kusoky sl ery dkl eldj. k(Equationofa &
plane perpendicular to a given vector and
passing through a given point)

. 3’5‘

G Ly iy 5y
¥

vafi{ked ,d fn, x, I fnko&Qvuga vusQl ery
glsl drsg8ijeg, d fn, x, fcngP(x,y,z) | shl

idfk dko®y ,d lery dkviLr® glskgS( n§[ k
vie@r 11-12) A X¥ vio@ 11-12
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elu yHt, fd lery ,d fcngA, ft 1 dh fLRér £
I fnk G gBl st kkgS/ B 1 fk N 0&v uga gBek *’P"'“H._«.-:’\
yHt, fd I ery ij fdl hfcngP d kfLRr | fn' k 7 gS 1 4 &
(vio@ 11-13) A ﬁ-‘f\ 7
rc fend | ery eaflFk glkgB;fn vIB o8y a e ,_;lnl"ﬁﬂf
e \
RN = ~ !
;fn AP, N ij ya gB vh& AP.N=0. ijaq e
_ x” b
AP:F—&N fy, V|’O®' 11_13
(F—d)-N=0 (1)

;9 lery dklfnkl eldj. kg8
dkt: i (Cartesian Form)

el yHt, fd fn;kfenqA(x, y,z) vl ery ij dbZfend (x,y, z) gSr Rk N o8
fno&v ugh A, BrRk CgBrc

ZzlezJerl ]J+zlkj, ?:szer]JszkJ vig 1(I=AZJ+BJJ+Ckj
ve (7 1&)-N=0
bl Ty [(x=3) M (y-3 )+ (z-2)R | (e B+ ci=0
v FiZ~ Ax-x)+B@y-y)+C(z-2z)=0

m lery dkl fn kv BdkiZl erdj. kKk dHt, ]t ldeng(5,2, BB ¢ kk

gS/IrBZ,?),*ﬁlfnoG&v ugk ol hjbkij ya g8

ge t lursgsfd feng(S, 2, f4) d kfLAér | fn‘ké=511+2jj—4kJ gy 5l ery ofQya
dkvifHya | fn'k N:211+3]J—/€gg
bl fy, | ery dkl fn'kl efdj.k(F—d)-N=01sin kg8
Kk F-(5 4274 +371-H=0 (1)
(1) disdktZ : i ea: ilgj.kdjusij ge iksgBfd

(4B M+ (-2 T +@+ DR A+37-B=0

ik 2(x=5)+3(y-2)—-1(z+4)=0
v Rz~ 2x + 3y =20
tilsl ery dkdkh | eldj. kg8
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11.6.3 rhu v | gkt fbngld sgldj t kusoly s [
lery dkl erldj. k (Equation of a plane i _--"““--u-____
passing through three non-collinear points) £ JRExRTy .
K
eku yHt, lery ij flRc rhu vI gk fleng ka | i, ;
y y ij QE{i ? f-fFI.‘“-aﬂ /
R, Svip T oQflRr | fnk e’ Roa,hvKcgs + i n'?‘_""- + J,;'
gl B .
(vio@ 11.14)A £ == 3
~ 7
| fnk RS vi§ RT n, | ery eag8bl fy, \LE/ --"h---_,__ l;"f
| fn'k RS xRT ftngleR, Svig T disv WfoR/ Viodr 11-14

djusol sl ery ij ya gielelu yHt, | ery ea
d bZctngP d kfLFér | fn’ k 7 g8bl fy, R st kusoly sr Akl ' k RS x RT ijyal]lery

dkl et j.k (F—ad)-(RSx RT) =0 g&

K (F—@). [(b—@)x(é—a)] = 0
;0 rtu vl gekfeng lal sxtjusok sl ery oQl eldj.kdkl fn' k
iki g8

Ml % ;kesrhu vl pkfonad gukD: v o’ d
gS;fnfcng d ghjbkkij fLAt g&c ml | sxgjusoky sd ba ery
glas(vio® 11-15) A

;slery ,d ifrd ofi"Bed hHir glast gk
fcngleR, S viB T disv afo?/ djusoly h jBkk
itrd ofi"BleoQcAu olyslAu dkl n;, g8 vio® 11-15

dktZ: i (Cartesian Form)
eluyHt, fengleR, Sv ST oQfungld e’ o (x1, 1, 21), (X2, 12, 22) v IS (X3, 13, z3) g8
el yHt, fd lery ij fdl hfcngP o&funghd (x,y,z) o bl d kfLFr | fn’k 7 g8rc

RP =(c ) d + 0 #8) 1+ C4E) £
R—S =(xz$i£xl)lj +(y2$ié/1)]l+(zz ﬁﬁl) /g
RT = (v 40) 1+ (02 #80)  + (2 ) 2
bu eladIsl fn ' kik i ol eldj. k(1) eaifrLRku djusij ge iksg8&d
X=X  Y=»y =%
X=X B Z,—4|=0
X3—X1 Vs~ W 23—
t lsrhu fong la (x1, 1, 21), (X2, 12, z2) v 5 (X3, 13, z3) | sxq
dkZ ik i g8
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fengleR(2, 5, 1B), SR, £, 5) v IBT (5, 3.#B) | st ol sl ery dkl fn' k
leldj.kKk dHt, A
ohi yhit, a=21+57-38, p=—2d3tisA, cosdizdoaf
rc a, b viSc | st lusolysl ery dkl fn k!l eldj. k fuEufy f[ k g%
(7-d)-(RSxRT) =0 (D K)
Tk (F—d)-[(b~d)x(¢-ad)] =0
v - [F =245 1=3M7]- [(~47-8 T +8Bx37-21=0

bl vugNs epge | ery ofl eldj.kdim o} kfunZhkeihaij d Vsv a%[ M o0&: i ea
Kk djadelu yHt, lery dklerldj.k

Ax+By+Cz+D=0 (D=0)g8& ... (1)
eluyHt, lery }kkx, y,viSz-v{heij d\evaXk[ W e’ Roa,bviBc (vio®r 11.16)g8

L'Vr%l ery x,yviSz-v {Hd s e’ kuftngle(a, 0, 0), (0, b,0), v 5(0,0,c)ij feyrkgl
'

-D
bl fy, Aa+D=0;kKA=—
a T2 ikl
-D
Bh+D=0;kB = — ™,
’ .-"l; H‘&
-D Lk -
0k = — / ey
Cc+D=0;kC = p P ¥ 2N
bu eliled Isl ery o8l eldj. k(1) ea frLPAKir djusv 5 [RIA ]
l'jy djusij ge iksg&fd 5 vio® 11-16
X z
TyliZog (2
a b c

tleva%[ B i eal ery dkvHiV I eldj.kg8

m |ery dkleldj.kKk dHt, tls, yviBz-v{lkaij e Ko 2] 3 Vv
4 vaX[ W dRrkg8

el yHt ;] l ery dkl erdj.kg8
e i (D)
a b c
;gka=2,b=3,c=4 Kk g8
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a,bviB cofbu ekiladls(1) eair LFir djusij ge | ery dkv HiV | eldj.k

£+Z+§:1 k6x+4y+3z=12iHr djrsg8

11.6.5 nksfn, lerylaoQifxrPNau | sgldj t kusoky k | ery (Plane passing
through the intersection of two given planes)
elu yHt, ©m viBm nislery] ft oI ehdj.k -
e Wb7.h =d vi§ F.r, =d gSbuoQi PNau [T
jBK<ij fLAc fdI h fbnqd k fLAr | fn'k bu nlale "
| eldj.hed sl BV djsk(vioQr 11.17)A

A
___?E_ —_—

“fn bl jBkij flFc fd | hfongd hilRr | foki gBrls ™ ol

fi =dvig i, =d, vioQ 11-17
bl Hy, Aof&l Hh okrfod ekilwo®fy, ge iksgsid

t-(i,+Miy) = d,+\d,
DHd 7 LoBN gSol fy, ;g jEKko&fd| hfcngdls! etV djrk g8
bl idK | el k7 (ii,+M\i,)=d, +\d, | ery m disfu: fir djrkgS I, bkgSd ;fn
d izl fn’ k F,nlvlﬁnz,oﬁl etdj. ked Isl &tV djrkgSisog m dlsvo’; | atV djsiA
V%!l eryla? i, = diviB7-n,=d, oQirPNau jEkK | st usolysfdl h |l ery dk
ledj.k F-(+ Mny)=d +\d, g8 (D
dktZ: i (Cartesian Form)
dktZ : i offy, ehkk

i, = A,+B, T+C A
i, = AzzJJrszjJrCZkJ
vIis 7= sz+yJJ+z/g

ris(1) dkifjofrz : i g%

x(A+ M) +y B+ B)+z(C + XC)=d + M,
i k Ax+By+Cz—d)+ MAx+By+Cz—-d)=0 ..(2)
tisiBd A oQfy, fn, | eryleo®ifrPNau jBik! sgldj t lusolysfd!l hl ery dkdkiZ
| eldj.kg8
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leryla -+ 7+ D=6y 57 -2 +37+48) =— 5,081 & PNau r Rk fong
(1,1,1) I st lusolysl ery dkl fn k!l eldj.kKik dHt, A
;glﬁﬁl:zjﬂjﬂg vIg i, = 2843744 viBd =6 vig d, =& g8
bl fy, | w 7-(i,+M\ii,)=d, +\d, dkizk djusij]
ot R e A ad)) = 6-50
Tk 7oL+ 20+ (1430 T+ 1 +40)] R = 6-51 181
t gkA,d oHKrfod | p; kg8
F=xz‘|+yjj+z/g,j[ kisij ge iksg8&fid
4y T2 B[+ 20 (1430) T+ 1+ 4 B)=6-51
K (1+20) x+ (1430 y+ (1 +42) z=6 5
ik x+y+z8B)+A 2x+3y+4z+5)=0 . (2)

vc izuwbghk vHEV I ery feng(1]1]1) | st kkgBvr%;g feng (2) disl ety djsk
v Rz~
A+1+18#)+1Q2+3+4+5)=0

3
ik A= —
14
AoQbl elu dis(1) esirLFir djusij ge iksgh fd
V- |_(l+§jzj+(l+2) ]J+(1+9jkﬂ — 6—§
) U = o
e ; (IOJ+23J+13EJ—Q
! "\7 T 14
» 72084231426 ) = 69

tisl ery dkv HIV | fn k| efdj. kg8

elu yHt, fd nleKk jBK 7%
7= a,+\b (1)
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r Fi 7 = d,+ub, 98 - (2)
jBK(1) fenoA, ft | d hflAtr | fn'k G, gBl sgldj t khgSrPik b 08l elej g8 jBk(2)
fengB ft | d h fLAfr | fn'k @, 9B sgldj t kh gSrAk [;onI elj gBrc
KE = ‘72_51
Kk jBK il g&ryh g8;fn viSo®y ;fn E,I;lvlﬁl;zl g&ryh g8 v R~
AB.(b xb,) =0 ; k(d,—a,)-(b,xb,) =0
dktZ: i (Cartesian Form)
eluyHt, fd fcngleAv ISB oQfungkd e Rbe(x, y,z) Vv IS (x,y,, z) gBek yHt,
fd E]vlSI;Z 08fno@v ugk e Kea,b,c rBk a,b,c, gBrc
@:(xz—xl)il+(yz—yl)}—k(zz—zl)kJ
51 =q, z'l+bl ]J+cl Ig; vVKS l;z =azzj+b2 ]J+c:2kJ
Kik jBk il g&ryh gB;fn v o®y ;fn AB-(hxb,)=0 ft | sfulfyf[k dktZ : i
eaQ D dj | drsg8

o~ T T
a, b, ¢ [=0 - (4)

n' K, fd jBHs |

x+3 y-1 z-5 x+l y-2 z-5
= = rFR( = =
B 1 5 # 2 5

| g&ryh g8

;gkgeakk gSid x =f8,y =1,z =5,a =88,b =1,¢,=5
x,=1&l,y,=2,2,=5a,=1,b,=2,c,=5
ve fuBlfyf[k | kf.ld yesij ge iksg&d
X, =X, Vo=V Z,—Z 210
a b, ¢ |=|-3 1 5|=0
a, b, c, -1 25

bl fy, jbHKs il e&ryh g&
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11.8 nisl ery keoQclp d k d ksk(Angle between two planes)

I fiHKK2 nisl eryleoQclp dkdisk muoQv fHy alaoQet; Lk d sk } kk i fjHk"x ¢S

(vio@ 11.18 (a))Akt; ku nHt, fd ;fn nisl erylao®ctp dkdisk® gSris180 O

(vio@ 11.18(b)) Hhmuo@cltp dkd sk gB8ge Ywd lskdlsgh!l erylgoQclp dkd kky 8
el ytt, fd leryl 7-n =d vir-n,=d, oQctp dkdlskdg8rc fd | hl loZ

fcngl sl erylaij [Kpsx, viHyaleo®clp dkdliskO g8

ﬁ]‘ﬁz
rc cos 0 =

|7 |17, |

ATAFAT % HT FT &

= | =9 - 'Yk —A]
YA ~
TNEF A M
|
/ x o / HT;,\}
B H\- Huam 2 __a--""|| -
e S
O l\\,\_ll
i Vi@ 11-18 ()
=V . Kinelal ery ijlij yaor~gS;fn 7,.i, =0 v S| ekj gS;fn 7 vIS
ii,| ekj g8

dktZ: i (Cartesian Form)
elu yHt, lerylko
Ax+By+Cz+D =0vifAx+By+Cz+D, =0
oQctp dkdlsk6 g8
risl erylaoQv fHya oQfno@v ugk e koA, B,C viEA, B,C g8bl fy,
A A, +B, B, +C,C,
JAT + B+ Gy A} 4B3+C3

cos 0 =

1. ;fn nlelal ery ijLij ya gSrc 6 =90°vis bl rjg cos 6 =0. vr%
cosb =AA +BB +CC =0




504 xf. ke

. A, B C
2. ;fn niglal ery | elaj g&ls— = — =—
A2 B2 C2
nisl eryle2x+y §Rz=5v 5 3x 6y #z= "7 o&ctp d kd kekl fn’ kfof/
Yk Kk dHt , A

nisl erylgoQclp dk diskogh gSt lsmuoQv fHy aleoQctp dkdlskg8l erylaof

fn, x, | erldj.Hal sl eryleoQl fn’ kv fHy a

)

Ni=2d47-2dvie No=3-67-24 ¢a

(2?+f—2/«’)-(3f—6f—2/3)

bl f 0 NNy | [iJ

, cos 0 = |=———|= =

Y INi| N2 | JA+ 114 0 +36+4 21
4

V% 0 =cos® b

nid ery 3x By +2z=7 viB2x+2y2z=50&ch dkdkskKk dHt , A

leryladh Kk | eldj.kadhrguk| etdj. ka
Ax+B y+Cz+D =0viBAx+B y+Cz+D =0
| sdjusij ge iksg8id % A =3B =#b,C=2
A =2,B,=2,C =1
3x2 +(=6) (2) +(2)(-2)
\/(32 +(=6) +(=2)%) (22 + 22 +(-2?)

iq% cos O =

10 | 5 53

“l7x23| B 21
bl f 0= ! ﬁ
Y, =Cos 1
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119 [ ery | sfn, x,
| fn’ K: i

505
fengd h njah (Distance of a point from a plane)
(Vector Form)

,d flengP ft 1 dk fLAdr | fn'k G vk ,d lery m ft1dkl el k7i-d=d
(vio@r 11.19) ij fopk dHt, A

= ¥
Ty Ty
-~k o
= |, E_"{ | ﬁl
| il | 1
| | [
- a—— = i el L= /
- _.-.1.-' | | | 1 -
" Lpye Loanl et XN,
- el 1 ! 7l
(e 17 i 5 ¥
T = T T i
\.‘{/! - I|_—J e
' .

vio@ 11-19

il

i q%fcngP | sl ery n o8l elgj lery m ij fopk dHt,Alery m oQvfHye
bd bzl fn’kﬂ gSvr%bIdeerdj.k(?—ﬁ)-r’=098
v Pz~ iod=ad

vro ew fengl sbl 1 ery dhnph ON'=|a-A| g8bl fy, Pl slery 7, | snjh
(vio@r 11.21 (a))

PQ = ON f#ON’ = |d #Ea- A |

gBtls,d fengl skk | ery ij yadhyalbhZg8vio@® 11.19 (b) oQfy, ge bl hidk
dkifj.ke LPKir dj | drsg8

& Vi . kh

L. ;fnlery m dkl ehjj.kf.l_\fzd,oﬁ:i dkgBt gk N | ery ij viHya gS
risy kcd nj/\hla

. d
ew fenqOl sl ery # . N=d dhnj/\hl—_.lg

SOk @ =0)A
IN|
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dkt: i (Cartesian Form)

el yHt, fd P(x,y,z),d fn;kfcnqgSt | dkflRr | fn'k g gSrRkfn, | ery dk
dktZ | endj.k
Ax+By+ Cz=DgS
_ 1

Pz R
rc a=x1+y Jtz
N = AfBJcch
vr%(1) oQ}kkP I slery ij ya dhyalZ
(xdey tezd.atislicd-p]
A+ B+ C |

Ax1+By1+Czl—D|
JA2+B2+C2 |

mig) k24 feng2, 5, BB) dhlery F-(64-37+2 /) =41 snjnkic dHt, A
oy ioka=28+57-34, N=61-37+2/vipa=14.
bl fy, fend2,5,883)dhfn, | ery | snihg%
1ed+s )3 6d-31+28) -4
161-37 +2F|

[12-15-6-4] 13
T 36+9+4 7

11.10 ,d jfkkvKS,d lery oQctp dkdlsk(Angle between aline
and a plane)

I ffHKK2 ,d jBlkviS,d lery ofctp dkdlsk T —n A
ST
ik VISl ery oQvfHya ofctp o&dlekdk d lek S/
(complementary angle) ijd glskgSv lo@® 1120)A o 3
W o S

| fn’k: i (Vector Form) / I

- - _ P —
elu yHt, fd jpkdkleldj. k7 =a+ A b gSrhk A

lery dkl eldj.k 7-7i =dg8rc jEkv Bl ery o vio@ 11-20
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viHya ofctp dkdisk6, fuEifyf[k | W}k QDr fd;ktkl drk g8

b-n
15 -7]
viBbl idk jkv ISl ery ofctp dkdisk ¢, 90° £, }kkim k gSv REZ~

sin (90° £#0) = cos 0

cos 0 =

b-ii
|b] |7 |

. . B b-m
v Rz} sin ¢ = s ko= S f=r—
¢ ¢ A

x+1 y z-3
iBK > =3 6 viBl ery 10x+ 2y 1z=306ctp dkd lskKk

dHht, A

elu yHt, fd jpkv s | ery o&Qv fHya o&clp d kd lskO gBfn, x, jEkrBkl ery
ofl eldj.had sl fn'k: i eaQDr djusij ge

- (@32l tied)
7 F(107+ 2711/ =3 i djrsgs

N

: gk b=20+3/+68 vig i=10f+27-117

et died.aoti2-11d
N2+ B 4+62 102+ 2 +112

fuBufy f[ k i zuleeal siBd eal ery oQvifHya dhfno@dklu viBew fengl s
nph Kk d Ht , %

(a) z=2 (b)) x+y+z=1

(c) 2x+3y k=5 (d 5y+8=0

m lery dklfnkl eldj.kKk dHt,] tlsew fengl s7 eldd nphij gBv IS

|fn’k3l'l+5}—6kjij viHya g8
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xf. k

fublfyfl k | eryladk dkiZ | efdj.kKk dHt, %
@ 7@+ 7-A=2 b 72137 ad =1

© Fls-208+G-07+@s+nM=15

fublfy f[ k fLFr; laeh ew fengl s[ kpsx, ya oQil o&funZkd Kk dHt, A
(a) 2x+3y+4z8H2=0 (b) 3y+4z6=0

() x+y+z=1 (d 5y+8=0

fubufy f[ k ircaleoQv ax? | erylad k!l fn'k, oadktZ | eldj. kKk dHt , t I8
(a) fenol, 0, f2) | st kkglev 5 zJ+JJ—1§ lery ij viHya g8

(b) fcng(l,4,6) 1 st kkglsv I{Slj—zjj+kjl ery ij vfiHya | fn' k g8

mu | eryladkl eldj.kKk dHt, tisfuBufyf[k rtu fcnglal sxgjrkg8

(@) (1,1,4&1), 6,4, £b), (&, £2,3)

(b (1,1,0),(1,2,1), (2.2, &)

lery 2x+y8HE=5)KkkdRsx, va%[ledksKk dHt, A

m lery dkl eldj.kKik dHt, ft 1 dky&v {kij va%hl 3 vitisry Z 0X
08l elgj g8

m lery dklehj. kK dHt, tisleryladx ¥y + 2z 4 =0 viS
x+y+z8R2 =0 0Qi#rPNau rRkfcng(2, 2, 1) | sghdj t kkg8

m lery dk | fnkl eldj.kKk dHt, tlsl ererF.(2zJ+2]J—3lg):7,

P2t e57438) =9 ominPNau kv B2, 1,3) 1 sgid t kkg8
rylax+y+z=1viB2x+3y+4z=508i rPNau jEkI| sgidj t lusoly srBkry
xﬁé}+z=0ij yaor~ry dkl eldj.k Kk dHt,6 A

| ery i ft uo®I fn kil eh:jj.kf-(211+2jj—3/g):5 v I

73137+ 5B =3gBoach dkdlskKk dHt, A

fublfy f[ k izuleesKk d Ht , fd D kfn, x, | eryleoQ; ¢ | elaj g Aokyaor~
gBviSm fLRr ehtc ;surlsl elmj gSv B u ghyaor~rismuoQctp dkd lsk
Kk dHt, A

(@) 7Tx+5y+6z+30=0viE3x o E0z+4=0

(b) 2x+y+3zFR=0vipxiRy+5=0

(c) 2xBBy+4z+5=0viB3x By + 621 =0

(d 2x8+3z288 =0vig2x i +32z+3=0

(e) 4x+8y+zHB=0vigy+zH8 =0
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fublfy f[ k iZzuleeaiBd fn, x, fcngl sfn, x, | &ar | erylad h nph Kk dHt , A

fcng | ery
(a) (0,0,0) 3x @y +12z=3
(b G.8,1) 2x i +2z+3=0
() (2,3, 1) x+2y §Rz=9
(d (85,0,0) 2x By + 6z 2 =0

,d jEH,d % offod . kol Wka, B,y, 8, dkkcukhgSikfl ... d tit , fd

cos’ o+ cos’ B +cos*y +cos’ d = 3 4

,d %] .d ledlkd "RA@dh gkkgSt | dh CW 0 o
yakZ pRibzv 5~ pkZ ek glssg8 do, O, ] €3 -
elu yHt, fd OADBEFCG,d % ft1 dhiBd [oa.)
Hoka yabzZd hgS(v oG 11.21)A D —E, u,||:1|.
OE, AF, BGviBCD pk fod.Kg8 xt.—-’fu,;.,u. ¥y T, e, )
nIsfbaneOrFlkEdlsfeykJsolyhj[slk OE v Rz~ v ioG 11-21
fod . ZOE o&Qfno&d I tou

a-0 a-0 a-0

N +a*+ @ N+ a +a® Nad +a* +d°
1 1 1
Ve BB
g8bl hidh AF BGvISCD dhfro@d ktu e’ 1
elu yHt, nhxbZpkt IsOE, AE BG v 5CD, oQI Kk e’ KRoa, P, y,vBddlskcukh
gbdhfno@dktku ,m,ng8

1
rc cos o :% (Z+m+n);cosB:$(ﬁﬁ+m+n)

cosy=%(lﬁ§n+n);cos§= %(Z+mﬁ§1)
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oxZd joQt Musij ge iksg8&d
cos? o + cos® B + cos* ¥ + cos®
1

[{+m+n)2+@+m+n)?] +(8n+n)+ U +m i@

4
3 [4(P+m?>+n?)] =§ (DK P+m*>+n*=1)

m ry dkletdj.kKk dHt, ft | eafcng(l, &L, 2) vafo/ gSvIiBt s
leryl2x +3y BRz=5vigx+2y f3z=8 eal siBd ij ya g&
fn, x, fcnqdlsv afo?/ djusoly sl ery dkl eldj.k
AxH)+By+1)+C(zf2)=0¢a .. (D
leryix + 3y fRz=5viBx+2y#Bz=8, 08l Wk (1) }kkinkl ery ij ya ghiso®
ifrca dkizlg djusij ge iksg8fd
2A+3BHRC=0vIBA+2BHBC=0
bu |l erdj.Had lsgy djusij ge iksgsfd A=HSCvigEB=4C
V%V HIVI eldj. kg%
BCxEH)+4CH+1) +CzR)=0
v R~ 5x ity =7
fengP (6, 5,9) | sfeng leA (3, #E, 2), B (5, 2, 4) v s C(#&L, #, 6) }kk
fu/ Er | ery dhnjph Kk dHt, A
elu yHt, fd | ery eartu fcngA, B, rBkC g&fcngP | sl ery ij ya dkiln

D gBgeav HiV ngh PD Kk djuhgSt gkPD, AP dk AB x AC ij itk g8

vr% PD = AB x AC 08 ufn'k bd boZ fn’ kr Ak AP d kv fri kxqki @ g8
g% KI5=3zJ+6jJ+717!
P
a: ABxAc=|2 3 2=12d-16+12R
4 0 4
38-47+3k

AB x AC 08v ufp’ kbd b2l fn' k = N
34
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i | 1
vros P5 = (3846 4,7 h) 3Lo4Tr 3R
34
3434
17
fod Yi r %fcngA, Bv IS C1 sxq P

dhlery | snph Kk dHt, A
n"KE, fd jBHKs |

x—-a+d y-a z—-a-d

o—29 a o+ 90

5 x—-b+c y-b>b z—b—cI aryh gf
v = = g&ryh g
B—v B B+y

gy ;gkKk gSid

xlzaﬁ!td vIg x2=bﬁfc
y, =a y,=b
z,=a+d z,=b+c
vig a = o a,= By
b =a b,=8
c,=a+3d c,=B+y
ve | kf.
Xo =Xy Va—W Zy—Z b-c—a+d b-a b+c—a-d
a, b, aq |_ o -9 o o+ 9d
) b, &) B-v p B+y
ij fopk dHt,A

rH jslrek dlsigy slrbkeat Wlusij ge iksg8

b—-a b-a b+c—a-d
21 o o a+90 =0

p p P+y

Did iBe viSfirh Lrkkl elu g8vr%nlglgjbls j| g&ryh g8



512 xfk
m fcnooQfunZd Kk dHt , t gkfcnglaA(3,4, 1) v BB(5,1, 6)didey ks
olyhjpk XY-ry dlsd Rrh g8
fengleAv S B st lusolwhjplkdk ! fnkl erdj. Ko
Fe3tra iRt a-sHie6-1)

v Pz~ F=3trafeden 21374508 (D)
elu yHt, Pog fenggS gkjbikk AB, XY-ry disi#PNa djrhg8rc feng P d kfLRir

Ifn’kxzj+y]JOQ:i eag8
;g fengvo’; ghleldj. k(1) disl s djrkg8 (D 1d)

v Pz~ xtey F=aentr4-3n sk
zJ, }vlﬁ lg, ofxghd led h rgukdjusij ge iksg8
x=3+2A
y=4 8B )L
0=1+52Ax
mijkr | eldj.Kadlsgy djusij ge i ksg8fd
13 23
= — V = e—
x= = By 5
13 23
v ro%v HAV fenqo@fungkd | ?,0 g8

fn[ Ko, fd ew fenql s(2] 1] 1) feylsolkh jbl fcngla(3] 5 &1) v IS
(4] 31&1) | sfu/ gr jpkij yea g8

;fnnisijlij ya jbhvied hfno@dktou [, m ,n v L, m,n ghrisin] ko, fd
bu nieleij ya jgkdh fno&d ks lou

mlnzﬁnznl’nllzﬁhzll’ ZlmZ ﬁi’szﬁ‘{mlgs

mu j§ kv leoQet; diskKk dHt,] ft uoQfno@v utk a, b,cviBb *ﬁc,cﬁ.}a,
a i gs

x-v{koQl elgj rAk ew&fcngl st usolyhjpk dkl eldj.k Kk dHt , A

:fn fong leA, B, C, v IBD o&fungid e’ 16 (1, 2,3), (4, 5,7), (I, 3, #6) v Ig
(2,9,2)gssABv IS CD bk lsoQctp dkdlsk Kk dHt, A
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S fn jBK | A = - vIB - ~Z=%4iLj ya gk
-3 2k 2 3k 1 -5

risk dk elu Kk dHt, A

foeng (1,2, 3) 1| st kusoly h rRkry 7 (342 A 5@)+9=0i] yaor~jkdk
| fnkl el j.kKk dHt, A

feng(a, b, c) | st kusoky srRkry ;7.(lj+jj+kj)=2 ofl elgj ry dkl erdj. kKk
dHt , A

swri=6d42 J+2fend 27428 v
Fo—dat—Benaid-27-2M08ch dhUYuwe npn Kk dHt, A

m fenp&funghtd Kk dHt, t gkfecngla (5,1,6)vis (3,4,1) dlsfey kusoly h
ik YZ-ry diedRrh g8

m fengo&funghd Kk dHt, t gkfengla (5,1,6)vis (3,4, 1) dlsfey kusoly h
jEkZX-ry dledRrh g8

m fenp&fungid K d Ht , t gkfeng ke (3, £ #5) v I8(2, #8, 1) | xq
BB lery 2x+y+z=T70Qik t khg8

fenq(#E, 3, 2) | st usoly srAkl erylax+2y +3z=5vIiB3x+3y+z=0ed s
iBd ij yalery dkletj.kKk dHt,A

;fnfenqg(l, 1,p)vig (88,0, 1)1 ery ;7.(3;4-4]]_12}&) +13=01 4 ek nph
ij fLAc glirlep dk ek Kk dHt, A

leryle 7-@+ 1+ B =1vie 7-23+3 - A +4=0 oQimPNau jBk I st ks
olysrBkx-v{kofl elaj ry dkl eldj.kKk dHt, A

:fn O ew fengr Akfeng P o®fungid (1, 2, §8), g& lsfengP | st kusoly sr Ak OP

oQyaor~ry dkl edj.kKk dHt, A.

lerylar (342 743D -4=0 vig 7.2+ =B +5=008i rPNau jskd ks
v afoZ/ djusokysrBkry ;7’-(5{|+3}—6/g)+8:0 ofQyaor~ry dklerldj.k
Kk dHt, A

fong (BEL, K85, §E10) | sjpk F=27— T+ 2R+1 G +4742Dvig 1 ery

F-(lj—jj+kj)=50QiﬁrPNeu fcngoQet; dhnph Kk dHt, A
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fong(1,2, 3)1 s kuly hr ikl ery 67 - (1= 1+ 2M =5 vis 7-Gi+ T+ D =608
| elej jBhdkl fn k! ehdj. kKic dHt, A

x-8 yp+19 z-10
feng (1, 2, #E4) | st kusol h v IS nielajphv la _2 - vig

3 -16 7

x=15 »-29 z-5

= ij ya jbkdkl fnkl efdj. kKk dHt, A
3 3 5 lvelb j

;fn,d lery oQvak a,b,cg8viSbl dhew fcngl snph p bd bZg&risfl ...

1 1 1 1
dHt, fd —2+—2+—2 =—
¢ p

izule22 v 23 eal ghml dkpglo dHt, A
nisl eryle2x +3y+4z=4viB4x+6y+8z=12 o0Qclp dhnph g%

(A) 2bd bZ (B) 4bd bz (C) 8bd bz (D) % bd bz

lery 2x8 +4z=5vIB5x .5y +10z=6 g%
(A) ijLj yae (B) I elgj

5
(C©) y-vi{kij irPNeu djrsg8 (D) fbnq(O,O,Zjl sxfjrsg8

,d jEKkcd hfno@d Kskou jBl} Kk funZhked h / u fn’ Kk o®1 Kk cuk d lska
dhdktu gleh ga

;fn ,d jplkdhfno@dstou [, m, ngskl +m*+n’=1

nisfeng leP (x, y,z) viB Q (x,, »,, z,) dlsfey kusoky h jEk d h fno&d k tou

Xo=X1 Vo= N 22— 2

PQ = PQ ~ pQ 98

t gkRQ = \/(xz - xl)z + (U, - y1)2 + (Zz _21)2

,d jBkkd kfno@v ugk osl h;k jg8t Isjglk d h fno@&d ks tbu 08I ekigkh
glshg8
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;fin ,d jBkdhfno@&dktou [, m, nv IS ino@v ugk a, b, cg8ls

S b . c
= ‘,/arz+b2+c2 = \/az+b2+c2 1= \/a2+b2+cz

foleryh jEKs j vafi{kdhosjbHs it lsu risl elaj g8 Su ghifrPNeh g8
;0 jBk jfofHW rylaeaglsh g8

foleryh jEkv keo&cip d kd kskog diskgQ ls d fd | hfcng( ojh rkew
fcngd | sfo'leryh jEhv leeal siBd o8l el [ KphxbZnlsi &r PNah jEH la
ofQclp eag8

; fn ll,ml,nlvlﬁ lz,mz,nzfnoé&dkslbu ok h nisjp kv leo&cp Y wud lkskO gS

rc

cos® = |[L+mm, +nn]|
; fn al,bl, c,viga, bz, ¢, fno@v ugk leoly h nisj kv leoQcp d k U w d Isk
0 gSrc
a,a, +b b, +cc,

2 2 . 2 2 2 2
\/‘11 + b +¢ \/a2+b2+cz

cos 0 =

,d Kk fenogft | dhfLRfr | fn’k G g9 sxq b o8l elj jEKk
dkl fnkl edj.k7=d+A\bg8
feng(x, v, z) | st kusoly hjBkft | d h fno&d ks tou Lm,ng8dkl eldj.k

q=d YW _Z=5
/ m n
nisfc ng left uoQfLFRKr | fn'k @ v B b g9 st kusoly hjgko&l erd j. kd kI fn' k

g8

leldj.k7=d+L (b —ad)g8
nisfengla(x, y, z) viB (x, y,, z) | stkusolyh jk dk dkiZ | efldj. k

X% _YTNh _Z7Z4 g
=X = 27 Z%
;fn nisjphv a7 =g, +Lb, Vi 7=d,+Lb,, oQctp dk Yudlek O gSris

cosO = %
15115, |
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X —X — Z8 =87
;fn nlejgmle—lzuz—‘vls
l] ml nl
X —X y =y Z =z
2 = > = > 08chp dkdlsk® gSrc
[, m, n,

cos® =|lL,+mm, +nn|.
nisfo"lery h; jEkv lmoQctp dhUwe nph og jEK W gSt lsnkelajb v g
ya g8

nisjpkv le 7 = g +/15] vViB ¥ = aq, +yl;2 ofQctp Uwre nph

(b x b,)-(a, §&,)

P B 8
| b x b, | 9
lsjphy le—L = LN _ 275 g TS 2D g
a4 bl €y a, bz C,
ctp Uwe njph
B = D=0 Zp T
9 bl G
a, b, ¢ g8

\/(blc2 - bzcl)2 +(ca, —6q )+ (a,b, — azbl)2

nisl elej jbhvieF = G +1b VIS 7 =d +pbofctp dhnpm

bx(d,—a)

5] |%®

,d lery]ftldhew fecngl snjphd rBkl ery ij ew fbngl sv fHya bd bZ
Ifn’kﬂgBde fnk: i eal erdj.kf-r}:dgs

,d lery] ftl dhew fcngl snphd rBkl ery oQv fHya dh fno&d k tu
l,m,n gBdkl edj.klx+my+nz=dg8

,d fenqgft | dkfLAr | fn'k g IstIusonkvlSIfn’kN ij yalery dk
l eldj.k (7—ad).N=0g8
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,d fn, x, fenq(x,y,z)t kusolysv i, d nhxbZpkft | oQfno&v ugk A,
B,CgBijya lery dklehdj. kKA(x ) +B () +C (8 )=098
riu v ggkfengle (x, y,z), (x,5,,2) v (x, y,,z) | st usoky sl ery dk
| eldj. kg%

X=X Y= zZ-Z2

=% =N ZHT4 g

X3 =X Vs—= 0N Z3— 2
rtu feng laft uvo fLAr | fn’ k g, E viS ¢ dlsv afo/ djusoly sl ery dk
|kl eldj.k (F—a).[(b—-a)x(¢é—d)]=0
,d | ery tlsfungiphkad lga, 0, 0), (0,5,0) vig(0, 0, c)ij dRrkgBdk

X y z
| eldj.k— +—+— = 1ga

a b c
lery & -n =d vig 7 -n,=d,0QiwrPNau | sxtjjusolysl ery dkl fn'k
| eldj.k7r-(n,+Any)=d, + Ad, gSt gkA,d ilpy g8
| eryla
Ax+By+C z+D =0
vBA x+B y+Cz+D,=0
ofi fr PNau | sxgjusolysl ery dkl eldj.k
(A, x+B y+C z+D)+MA x+B,y+C z+D) =098
nisjk a7 = G +Ab VI 7 =d, +ub, | g&ryh g8 in

(G, — G,)- (b, x b,) =0

;fn mijier jBk afcag leA(x, y,z) rAkB(x, y,,z) | sxq

Xo =X V=V Z, =%

i b S =o
a, b, @

g8; fn

nisry ft 1 o®l fn'k: i 7.7, =d, vI§ ¥-n, =d, g& RkbuoQctp d kU wd lsk
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xf. k

iBki=d+rbvisry 7F-d=doQctp dk Uwdiek gSrc
b
511

sin ¢ =

rylmAx+By+Cz+D =0 rhk

A, x+B y+C z+D,=008clp dk Uwdlsk O gSrc
AA, +B, B, +C, C,

A} + B} + G A +B} +C}

0 = cos’!

I fn'k : i ed ,d fengft| dk fLAér | fn'kg gB | sry F-r}:dlsnjnh

|d—ad-r g8

,d fenq(x,y,z)dhry Ax+By+Cz+D =01 snjh

Ax, + By, +Cz; + D
J AT +B?+C

g8




Ifger WA Linear Programming

%

frsel ®enell § 0 Mok TRl o1 &7 ufa G &) fepsisaia e iy
TN | 3 A R faem-fanst 3 9% € Fen
XI1H & < = ufer 9wt e sofgwed o n s
FHHEEA b TRl o ARG &0 4 g T
fawa o e w9 ¥ ME § & erwEn o
et e o Frepm gfinfaa €1 59 e o 'n
o smfrreiadsot &t & 9 9 T/ g
Adfa® S H RS &l 5d HE H ST |

T AR A S aegel o B9 S i
ST i 81 Fa & fau % T Rs 50000 SR g L A T
@ o T shad 60 SRqe o U T ®) U " T S e e e
Rs 2500 #X Wk &l 9 Rs 500 1 @@ T 81 98 L. Kantorovich
SIHH T € % Tk U # 99 98 Rs 250 R UF P HI 59 W Rs 75 H
A FHH Tl g1 TH it o ag g aaget & 99 g @ foe T 9w wha
€ 99 98 W =edl € 6 fRa B e i i wdien W @i suems fem
MY T IHHT Fehed o Afehad 7|

TH YRR &) TS T9H WHAE ThR &7 TSt § o i S asie S
AT T ATHIH0T GieH 51 T fhar <1 8, Sedushil 9aeEn weard €1 37:
TEAHHN] T H SIferehan o, <[FaH @ A HETEEl 1 HAad ST gifed 2

g Fume TEE T e wfE TF Hewyol YRR 1 SEaREH THE € #
SR SfecfEd geqasil T off T Has 9ueE wEen # S99,
T o enfs ¥ fatga gETaar < Hron s T e STt e & 2

T 1A o, 79 59 s WU 9w i S eeret fafy g ga P
FT ST HUN T 39 YRR AR F1 g Tehen & fau e fafuar of €
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&1 30 o famst Swied 3<% Wy gRY wd € S fom <7 = afvEt el e
o TR FEeRT Aean TR TfaEd 1 AEESH RO 36 ISR § THA SAFYdE
<@ fa
() =M AT o i R A A A @ S o T § e e €
U Al a8 FemT o fafa= demree fafvel 9 fafs= a9 e s
(i) b ik Fewegul fearfaal o1 el =1 ff THE € o9 U e sifieRad
Rs 50,000 7% Wi & 91 ST U9 31feshaq 60 a&gel & W@ & fou T
ST B
M oifan f a8 *E $4l & Tligar sad B9l o @5 &1 5= #3a T,
T T8 50,000 + 2500, 31 20 Bl ki WOE Tehel €1 30 Trorfd o U Wbt @9
Rs (250 x 20) A1 Rs 5000 M|
M it fF 98 F1E 09 7 TlikHt had Hioar € Glsd 1 =7E w1 ©1 99
T T SUS=T Rs 50,000 F1 AR H 50,000 + 500, 274G 100 HHFET &1 ©l Thar
€1 T o8 had 60 TN i & T Ghal €1 7 T8 60 B 9 Wl o fau arem
B T8 39 Hehel A9 Rs 60 x 75 SIid Rs 4500 &1 2
THT ST off Iga T GaeETd €)1 ST o o 9 10 HeA e 50 el 'l
F1 = F Al €, 6 SHh T 60 TEGIN H T@H 1 TH ST 2| 3 feufa
T IHHT Fehel a9 Rs (10 x 250 + 50 x 75), 147q Rs 6250 =]
37d: B T % € T B = fafa= =ae fafaai & g ot = ufdn =
e =T a1 ® IR fafe= Faw gGismey & et faf=r ey %91 weem

379 T I © To6 39 AT o Ui ) sAfihan o U i o fou e g
9T ST =EU? 36 9 1 I < o ol eF FHE 1 O™ YETR0 i
TR A = M)

A o i T T e x SR i # wen y @ 9 B S wliwd @)
@W:xﬁ?ng,aﬂﬁ
x 0 (1)
y 0 - (2)
Fife B 2 fdal =1 Tem worEs Tel 8 gl
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A (SHEaERET) W Hfehaq =1 TR (T8 F& Rs 50,000 ) a1 69 w6 &0
ey € R GuE & T Shael AAfidan age (T T8 60 €) F W & fau
T F W aUy 2

o 9 § =Had F W

2500x + 500y < 50,000 (Famm =gawy )
el 5x+y <100 . (3)
&R x+y <60 (TIET SHee) . (@)

HEERET 39 GhR U FE9 H Fed € SHH oW Z (HF) Afinas 8 o1 T
x 3T y o BoH & B9 § FEfaieg ger @ = fRa o g 2

Z =250x + 75y (32 ForH FEadl 2)
Wod WHEN 1 39 Mk 9 5 ufiefdd 8 S e
Z =250x + 75y 1 SAThaHIeRTu hiTaT

Sl ey Trefafed
Sx +y <100

xX+y=60
xz20, yz20

A &8 g Her Z 1 SAfaehaHeh o i 8 Weih kol W Al s
srafagiet & w9 po favy frufal < =@ty == R T 8 o9 o= g o
€ Torm Mg B %1 FTadiRtoT R S @ weie ol = et e erafhmed
& ¥9 1 o faum fefa & =aty =5 feu wrd 81 T Tens &1 s g
THET FEd

34: T iR T T 98 FHE § W 6 x 3 y o 99 o w0 % 0
fgw wor Z (S fF S99 SeM FEd §) & IR GHId/Tghedd e 9
(AfaRan = aH 9H) 94w W Hafia 81 wiaey 7 § fF W mua guis € @R
3 Wk srafieredl < Tq== g =Fate & Gae W €1 s = 9 acd € fw
e o gt e gey e € w=ie g § aed © o fae gom a faew
ERIRIER IS ECIE

AN 9 ¥ yd B o P U (T TN S0 € g ) 1 =i €9 9
gt a1 e 6 v 29 aw g wwenet § S
IEYT Fe @ BeM Z = ax + by, 1% a, b SR T foe tfuskadieton =
AT BT € U EF SET Hed dedd B
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WWﬁZ:250x+75y@%ﬁ§ﬁF3€SﬂW%lmx3ﬁT y TuraeR
R HEAN T
eIy TF fas JH TN & W W AGd St @ gHien W e
Y FHedd 2| Gaed x 20, y = 0 RO a0y Heald &1 ST 30 H (1)
Y (4) % SHEFR & T SAoY FEad €
AW YT T = e <6 o1efie sraftemet & wgeaa g fruifa ween
SR (T} W xRy ) H W her Hi Afadad @ IAaE FL, 3207 gEE
T Fedd g1 fas T e i AT TR S gean gET SHE @
G HHE A g Hsl qen HiHE it wlig § g T 35ead HT HHE qe
g TR T HEE T IS 2

o BH fad=r w3 fF s e gume e S Y yer g e S 2l
3 A9 § g9 ohaa e@d fafy 9 g1 "afia wal

Fe X1, H 89 WE 9 ¢ TR 50 man g w0 x @R y ¥ uetia e s
el &1 e wiEd € qen e Aty g T 96 R € o9 T e 12.2
¥ faa=m 1 g T o Pl 4 faw w5 w9 #1 Soo@ w40 39 eH 39 EE
F1 W g 7 BN 979 g HGF TR & ®9 Jed Sl w1 g i

Sx +y <100 . (D)
x+y<60 .. (2)
x=20 .. (3)
y=0 v (4)

30 @™ &1 e (SMfead &9) °
SFEHE (1) ¥ (4) 9% o g0
gt erfaeti & swafts faget @ ffda &)
W &9 H Uds fog A (SHeurh) #
Isit 3R il o frem w6 & fou gum
ey Tgd 1 21 HIT I & THE
F1 GHTG £ FHEdm € (TPid 12.1)1 39
933 & 'g?éﬁh- ﬁg U= W | Y Sx+y=100 x+y=60

FEA 2 R 12.1
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m:%ﬂﬁmaﬁqﬁﬂﬁaaﬂﬁ%:

[ETE & YT TN & AU U P T gee & Hua e x, y > 0 Hied
ofi el g fea SwatTe &9 guTe &9 (30 B &) Fedd § o 121
% OABC (SMITa) o & I qom &9 1 goma & & sfafaa s 67 € 39
T & Fed 2
HEE T WHE YU &F S Ad: 901 991 € o 9l fog sgaiel % guia g«
FEAN €1 2Hd 12.1 § GHT &5 OABC o 3fd: 9 qe Har o Ul fag wwen
o O T FaIYd Fed &1 S & famw f4g (10, 50) FHEN 1 TF GHT A
€ 3 36 W fag (0, 60), (20, 0) 3afE off T €

G T % Y 1 FE o 55 SgETa g dheardl § 39 & fog fig
(25, 40) THET H1 ATGHW T 2|
AR/ IR (JEE ) Tol: E & § %8 fog S 38vd $od o1 3wedd 4H
(@Afhad a1 gAaH) =, T T=AH T FHEdd ¢l

9 T9 JEd ¢ T GHW &9 OABC H wois 55 (1) ¥ (4) 9% ¥ W §efl
HeliEl 1 W I § SN W od fag €1 ae we A € T em v wed
Z.=250x+75y o Afehds AH acl g 1 ffd TR 9@ &6 1 599 *4) 39 i
F1 8 T & foau g9 T 7Hat 51 swEn w8 S 6 e g guemne w5
F H g1 fogia (STens@) 81 3 T 1 S9ufd 39 TEa o fave-ang ¥ 9l @)

A o U Hgw WA w6 T R e 9 (39 Tg) € I A
% Z = ax + by 32TF oM €| 99 Z 1 Th 352q9 0H (Afehan o =aq) & el
el § Heferd =X x 3T y g ST g e &1 99 9 $5edd HH U &5
& ®H (M) W sEfed g =few

A 5 T g T e & fu R HI 89 € 991 Z = ax + by 329
oM 81 A R UfEg 89 2 9 5539 HoH Z, RE S a1fiekad &R =<[am 9+ @
g 3R T8 ¥ 7% R FHE (corner) g (3d) W feem = 2

ISR efiag & O S99 Hor &1 Afdhad a1 FAan 9 1 A e o
g TFar 21 5 off 9 7 faemm & @ R& #A™ fig | e =ifw, (7 1 %
HIHN)
ST 33 § UfEg (YETH) &9 % &9 95 0, A, B iR C# 2R faget &
e | FT T € 79T (0, 0), (20, 0), (10, 50) 2T (0, 60) FHHI: HHA fig &1 21+
&0 7 fogel W, Z % 5H | S 2
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de =Y Ukl EL
TETE 8 °F I | Z°F e ue
0 (0,0) 0
A (0,60) 4500
B (10,50) 6250 €<— | sifihan
C (20,0 5000

=0 Friten #3d € for samrE & e @9 (10, 50) Feq 10 TSR 50
Al & @igd § sifuswad @y srm

70 fafy o fm o =1 wfaw €
1. s YA EE 1 G &7 919 i S 39 w1 fage (3) w6
1 Al Feor § stegan = W@nstl o Yidwes fag o1 <1 @i i FHRO 6l g

Fieh 39 fag &l 9@ wifEw

2. Te¥E e Z=ax + by H U T wiAE g W T Swifaw qen fe M iR
m, FA9: g1 Togett W etfushan aon —gHan M weifa =@ €

3. () 9 U & uiEs €, M 3 m, Z eAfushan S <em 1 €l
Gi) U feafa 4 9 gEd &9 eufeg @ O T Fefatad fafa s s #3 #

4. (a) MIZ % eiferhad 91 od & 4 ax+ by > M g0 Ww e7ef a1 #7 Fig
g goma &9 o 7 9 e Z %% eifushad O e B

(b) TH THR, m, 1 Z H FAaH TH A € AT ax + by < m g0 A Gt
afaa 3R guW &7 § iE fig swarte T f1 een Z w1 w1 g
oM & 2l

FH 319 P IS b ZU HHAE TG ok TE[ w1 We Rl
sTerE g =1 g T 99 F g it

=1 =eel & SFaiid
x+y <50 . (D)

* QU A 1 FHE g A o @ FE fUg e @ SR et # wiiesea fag g

w T fEE G ™ F1 gET 85 Uieg Fel WM € 9 9% U 99 & Sad uiEs
fF o1 "Fa1 € oTTen T oufmg wed € omileg W drod @ fF gEw e fedh off fem A
ST w9 9 "WgE S HeRdl B
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3x+y <90 .. (2)
xz20,yz0 .. 3)
Z =4x +y bl HAfirehay °H Jd HITSI0:

FMeRfd 12.2 5 BAfRd &3 (1) ¥ (3) & a0 o f%d o g faifa gam

&5 1 ga Tiemr % € 6 g9 &9 OABC iisg €1 9fT 89 Z 1 etfushad 94
T4 4 6 o s fag fafy w1 3w w390

@ fag Z % W "H
(0,0) 0
(30,0) 120 & | =ifreRaH
(20, 30) 110
(0,50) 50
TR 12. 2

Fa faget 0, A, B 3 C % fadsns &H91: (0, 0), (30, 0), (20, 30) S (0, 50) €1
9 Yl HHA 95 TWZ H 7F 96 H 2
#a: f95 (30, 0) W ZF1 sifieham IH 120 2

ey fafy g fre1 as 9T 996 %7 g9 S
o1 e & afaid

x+2y =10 .. (D
3x+4y <24 .. (2
xz20,y=20 .. 3)

7 =200 x + 500 y T =JAGH HH A6 HiTeC

HRld 12.3 § SHEifhd &9, (1) ¥ (3) <h el o T g Huiid gem
g5 ABC € S 9fiag 21 FiH fageti A, B 31 C & fadens a9 (0, 5), (4, 3) 3R
(0, 6) €1 T9 T fagail W Z =200x + 500y 1 TH A Hd &



Y . 2
@ fag | Z9F 9a o
(0,5) 2500
4,3) 2300 <—| —g7H
(0, 6) 3000
(8,0)
(10,0)
X" 1 } X
0;%'1 203 4 5 6 7 Ny Xay-10
3x +4y =24
SATeRT 12.3

#d: 95 (4, 3) | Z %1 <Fa9 HA Rs 2300 T 2l 2
et fafg ¥ =1 w9en #1 ga &ifau:

= eyt & sTad
x + 3y £60 .. (1)
x+y=210 .. (2)
x <y .. 3)
xz20,y=0 o (4

Z = 3x + 9y T JqH 3N Afehad AH I i)

T8 Tl 29 (1) ¥ (4) 9% %1 faw mfamei & Fwm & gum eF #0
g Eiwd 1 FET & ABCD 1 3Tehfd 12.4 § fa@mn 1 21 &7 ufiwg 81 FH

e g | 2% e e
Y Z=3x+9y

A (0, 10) 90
B (5,5) 60 €|~
C (15, 15) 180 } «— FAfhaq
C(15,15) D (0, 20) 180 (95 3=aH 7)

Y’ 10.0) x+3y=60

TR 12.4



Yaw Tome 527

fagat A, B, C 3T D& fane F8: (0, 10), (5, 5), (15,15) 3R (0, 20) &1 219 84 Z
o =JaH 2R eifashan 7 A9 w6 o T wE fag fafy 1 s % 9
It @ ¥ YEE &7 fIg B (5, 5) W Z H JAH A 60 T Hd T

7 %7 Sferhan A GETE &7 < < HHE fage 5 C (15, 15) 311 D (0, 20) W
120 9T 2 €1

rteror I foh STREA 3SR |, WHEN ®HE fEgs C R D, W THH
Tl Wl €, Aefid I g 9T eifushan UM 180 370 Fd €1 U frefet § 91 A
figeti &1 fae™ 9l WWREE CD W Yo% {95 991 C @R D +ff T &1 @ifikad 7m <4
#1981 34 ferfa o o ¥ @ Az 9 g 97 graw Oe s W ©

A faft g S23a weM Z = —50x + 20y @1 FAaq 7 Fefated
el o AW A i

2x—y=2-95 .. (1)
3x+y=23 .. (2)
2x =3y <12 .. (3)
x20,y20 .. (4)

T g BH (1) U (4) ek °h AHHRIO Thr g YETG &5 1 Ao Eiwd
g1 i 12.5 § GEE &5 (sEfed) e w21 e sifan fF gom &
TUfTg T

9 H FEA fagei WM Z& 7F o 9 w3

A . & &g [ Z = - 50x + 20y
(0, 5) 100
(0, 3) 60
(1,0) -50
(6,0) -300 < |&=H %A

,"(7 8910
v (6, 0)
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30 UROT W ¥4 9 FW ¢ fF wEE €5 (6, 0) W ZH T FH HH 300 €1
I €0 HE Hhd € T Z 1 a8 TF -300 22 A1 e fF ot &x ufag @
A TE Z 1 WU HH TE (W 2 ) g i 89 8l <hd © o g e erufiag
g1 ST 300, Z 1 FAaH A 2 ot Tehat € T & ot 59 wHe & freed T
F o fau en fefafe swrdiwo 1 e died 8

— 50x + 20y < — 300
el —5x+2y<-30
R St sifee ff e g W ge erdad o gETe & ° swEts fag © a1 e
g1 afs 3o syafts fog €, 99 Z 1 =ad 3F 300 & e e, Z 0 aad
M - 300 AT

St T emenfa 12.5 o femmn T €1 3, Z = 50 x + 20 y, T 95T SHal &
ofged § =aq T e €

ST IIE0T H T ST WA L Tehd € fh Z =—50x+20y, (0,5) W
AfeRad A 100 Todl 87 39 fau, Site 1T fF 93 — 50 x+ 20 y > 100 F1 2@
guTd &5 % Wy s9atts g @ 2

Trfafed =eudl & @A, Z = 3x + 2y 1 FAaHH0 Hifad:

x+yz=8 . (D)
3x+5y<15 .. (2)
x20,y=20 .. 3)

srfaRst (1) ¥ (3) 1 Ao Wi (STHfd 12.6) 1 1 ®1E GHT & 87
I TH F 27
epfa 12.6 W 29 A6 T THhd @
o o g fog T € & goft et 5
Th H1Y T HT bl 3q:, G H
GuTd g e @)
RN ¥ fore faa=H g 34
TF F T ¢ T8 MUR W TH 9
g T THEE w5t T st
F1 Fool® FW B

(1) GHT & H3d 3Tel gy« 2l 2|

(2) 3BT Hod w1 Afgwan (A
=[IdH) T YU &3 6 Y T
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(FM W) feer g 21 AR = woH & &wHAE fag () ww @
Afrhaq (A FAaH) HH TSH wW € @ 3 fage & o amel e @
% fog ot gom stfasam (=1 =gAa9) TE <

g fafa o fr= tes oA gt & ed st
T 1ol o SAFE Z = 3x + 4y T ATUhaHIRL0 Hifal:
x+y<4,x =2 0,y=20
=1 s/l o6 3@ Z=— 3x + 4 y ] FAGHRL FHIST:
Xx+2y<83x+2y<12, x 2 0,y=0
T el o AT Z = S5x + 3y 1 ATHHAHHI hifad;:
3x+35y =£15,5x+2y<10,x 20,y=20
=1 eraue & th=3x+5yama{wﬂwaﬂm;
x+3y 23, x+y=22,x,y20
=1 e/l o S Z = 3x + 2y 1 FATHHL FHIST0:
x+2y<10,3x+y<15,x,y20
=1 el & AT Z=x +2y T FAGHHL FHiS0:
2x+y=23,x+2y26,x,y=20

@ 7 2 %1 =gAam 7m < faget 9 sifus faget w wfeq = 2
T s/edl & @A Z = Sx + 10 y T JAAHIHI0T 920 ATerehaHIahion Hifeg :
x+2y <120, x+y=260,x-2y=20,x,y=0
=1 e/l o ST Z = x + 2y o1 FIdHRIT qA SThRaHIRI0 hifeu:
x+2y=2100,2x -y <0,2x +y <200; x,y =20
T o/eiel o 3@ Z = — x + 2y 1 STHhan[hi0 Hiled;
x23,x+y=25x+2y26,y=20
T 3teriel o @A Z =x + y 1 AEhaH®Lu Shifad:

x—y<-1,—x+y< 0, x,y 20

o Hewy! ok T w9 g €
1. 3cTeA HeEl THET 39 THT 1 THEe § g6 96 & ¢ b fafie soer
& Tohad 1 991 ° wsh TS sAvfe, wef & =2, yes 7 & fmio § =,
g9 o H<, el HSR MEH § Ydsh 3cued sl WA & fau wom anfe &1 gfte
T TEd gU ARad o9 HH= S Hehl



530 T

2. AN Heeh GEd 39 YHE &1 Tl § g9 O & @ % fafie yen
& Teh/dNF ad MeR § ot A § wEm foeu e fo sud w9 ae
1 IqH AEYAF T FH H FH G T A B

3. UltaEs dest aued 39 TR & TEEe ¥ gq uiided el # a9 &
& forew w95 / wrEr 9 fafa= sl o T faf= s o sl ot 3o
T giaed = =9aH 3
9 BH T UER K1 F FEh GUTHA THENET F g HE AT

(TR Weiel |HE): Th AeR 991 3 YR o A1 ! 6 FehR THam
<Ted © o fago 9 faafim A® ek ®9 ¥ %0 8 g6 IR f9eiftd ¢ &1 9 %4
Y HH 10 TFF B 99 1H 2 79 faafm AT kg 3R 1 99 faafm ¢ ufd kg
21 v 9o 19 1 A faafi A9 kg #iR 2 9o faerfim C ufd ke 21 f&on
g % °fd kg 959 19 Tl 9 Rs 50 3R 94 kg 99 111 @S § Rs 70 o
€1 39 TN S =9 A0 T <TaH god 19 Hie)

AT o a0 o S [T x kg 3R 99 19T ykg 1 T x>0y > 0. €6 ¥
gl | =1 wroll a1 €

=i O U | SavaeRar
I II | (9ot ®)
(x) )

faarfi A 2 1 8

(CIEC TN

faarfi= ¢ 1 2 10

("R /kg)

“Ifd(Rs/kg) | 50 70

fer fago | faerfd A 1 F9 ® %89 & 99 3 fqafm ¢ & 10 99 B8
=ifen, erd: fefafed ety 7 e[ €
2x+y =28
x+2y =210
99 1% xkg IR 99 11 & y kg @O 1 oA oA Z € &l
Z = 50x + 70y
d: THEA 1 o G Fefataa 2
= eyt & sTad

2x+y=>8 - (1)
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x+2y 210 . (2)
x,yz0 .. (3)
Z = 50x + 70y =1 JAGHIHLT =hiTeT
STHHRTN (1) W (3) T o Teral g Faifa govm &= &1 et 12.7 ° feaman
T

Y

&g fog | Z = 50x + 70y

(0,8) 560
2.4) 380 < | =H
(10,0 500

IMpfa 12.7

Tl 21 TEd § fF gumW oF eufieg €
&0 FHE fagat A0,8), B(2,4) X C(10,0) ™ Z 1 AF A1 HLT 2

oot |, fag (2, 4) W Z K HaW HH HH 380 ¥, 1 eH F€ Uhd € 16 ZH
=9 W 380 € (SF?) A FIfWE fF gUTa e erufiag @) sufen e ffataa
STHHHAU] ] e Ei= J&|

50x + 70y < 380

3?% S5x+ 7y <38
Sie %3 & fan T = s g faffa afom gen sdaa, e &9 % Wy
FE 3ATS fog T ¥ o 12,7 § w6 3@ © fF gl % swafts fog e R

aa:, fag (2, 4) W ZF W@ A8 5H 380 T 3HaU R faaeh #) 3ea
fRgoT TS 9= T T 2 kg R A I S 4 kg o AW 99 1 @ TRl € @R
30 AieT < 3t fasge &1 =A% ged Rs 380 EATII

(3TTEe |9E) Rl &t U% el |ftfa & 99 < BEal X e Y 5
S o fau 50 TRM 9fF 21 HEe X 3R Y ¥ 7fd FFRAW @19 T FHI: Rs 10,500
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3T Rs 9,000 F1 SHM <N TR €1 el X R Y o fau syago feem & fag
M- T HT FH: 20 fAet qen 10 foex wfa e wEm f S #) 35
s T 9 @ 9 e § Tag e W R Sefe w w0
SreF - TEET &g YRR A 800 T O ifusE A BN wee wHe o fau faar
o &1 3Eed M1 AT qfh G o Hehal a9 H1 AThaeTRL T <1 Heh?

O fh X 5 o fu x 3R i 9o Y %Hd o y g9l gfH F1 3T g
g1 T=d: x>0,y 20
X HHA W Yid T o9 = Rs 10500
Y T8 T Ui g 9 = Rs 9000
AT & @9 = Rs (10500x + 9000y)

HEE 1 v i e g
= srerl o6 STad
x +y <50 (9H Hal oY) . (D)
20x + 10y < 800 (VI 1 YA Ha=lt eiy)
el 2x+y <80 .. (2)
xz20,y=20 .. 3)

Z = 10500 x + 9000 y =T STEhdH=RLul ST
AT FH (1) W (3) O TFHH a1 oo gEd §1 epfd 12.8 ° gET
&5 OABC ! sMsd fagrn w21 Friteror wife 6 goma & ufisg 2

& fag | Z = 10500x + 9000y
0(0, 0) 0
A (40, 0) 420000
B (30, 20) 495000 < |=tfisham
C(0,50) 450000
x+y=50
MR 12.8

FrE fager & fems FHE: (0, 0), (40, 0), (30, 20) 2 (0, 50) €1 327F Hed
Z = 10500 x + 9000y =T HH 31 Il T Ferrer =nfew difer 39 Y 61 Ad Tz =0
T o9 W afawaq @9 g 2
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#1d: HiGfa 1 X $H o AU 30 29 10 Y BHel o 20 T & Aded B
i 2Tfaq @9 Rs 4,95,000 &1 & Feh|

ST HaEt aEEn (Manufacturing Problem) T fHioTeRal HU T
TS & < A (WfaHE) A 3R B AW €1 A A % TS B SAH & fau 9 sm
W2 3R 1 W Werst FH & AU o & Sefh T5A B % YoE W % I H H 12 5
WS qN UifTs F W 3 o W ! Savashdl il €1 SAF de Wiew wE & feu
ST=y AfUehay 98 S HHY: 180 q91 30 €1 ST FHA A o TF A T Rs 000
AT T B & T W W Rs12000 1 NH HHRT €1 TN A i F5A B & o
T 1 ATRdH TN AN oh Tau gid woe HEio 3 =ien? gid gedae sAftendd
T FE?

A AT fF T A <5 W S W& x® 9 T B S T HT HEAT y B
FHAT el 9 = (Rs 8000 x + 12000 y)

G Z = 8000 x + 12000 y

39 AN U YSH THEN &1 i P fefataa €@

= el & ST
9x + 12y £ 180

el 3x+4y<60 (& & HAUH) o (D
x+3y<30  (difemE & =edy) .. (2)
x20,y20 (R ) .. (3)

7 = 8000 x + 12000 y =1 SATReHIRIT hiTU|
s sEHE=Fm (1) 8 (3) 3w fauif@ g@m@ &9 OABC (3m@fsd)
frepfa 12,9 o fa@mn w21 eam S 6 gem e ufieg 2

3x + 4y = 6020
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T FAE 95 W 3L Her ZFH HH K1 AT & E € SE R e wwof
H fegrn T E:

@ fog | Z = 8000 x + 12000 y
0 (0,0) 0
A (20, 0) 160000
B (12, 6) 168000 < | efusan
C (0, 10) 120000

&4 I B (12,6) T Z %1 Afdahaq H Rs 1,68,000 914 &1 21d: ST 1 T A
e 127 a1 A B o 6 T o IR W SAUEdTH AH HAA o fqu HE AMen
I eAfershad &9 Rs 1,68,000 BT

TN < YT % AT P 3T Q FI 39 WehW e =ed € T T o faerfim
el | 8 " Tqerfdd A 991 11 |k foerfid B €11 959 P& @[ Rs 60/kg
31T 5 Q 1 <IFW Rs 80/kg T1 9od PH 3 Aieh/kg Taafaa A 3R 5 Tah/kg
faafa B € Waf® w59 QH 4 Iadh/kg faeifi A 3R 2 9ah/kg faerftm 2
a1 gTqH AT Fd hifS)
Tk YT o heh I 200 g 3T q1 25 g o@ (fat)h! ATATThdT Bl € qo0
U FhR o ek o folW 100 g STl 991 50 g o9 whi STawehal 2l &1 Shehl
1 Aferehas He wael S 5 Teell e 9o 1 fhell 9F U 99 ¥d §, 98 9N
fomn € % i+ T & fau o= w1 w9 =l
T wEH 1§ 29 o Tehe 9 Thehe o Sood o 81 T 3N ke 9H %
faq 1.5 = T 99 9o 3w Redsr = 999 @ 81 Th FHehe o
F I A H 3 T T THF 91 1 7 Reusn w1 WA o €1 T fE
o wrEn | fafe= 95 W Sues A w6 % 42 W S feust gva &
24 W2 § affush T8l €
(i) Thel TR Soa =i fha- Hea § sm S @i e g e 9 S
&7
(i) 9% ¥ohe N Soed WU @19 %A Rs 20 991 Rs 10 & o @ 0
FAfhas 19 A9 it A wr@E g &Hd @ wrE H

T FofoeRdl T2 $I Siee 1 T war ¥ T Yehe T o Fmio § meia A
W U W S A B W 3 T T HET USd1 €, Wik Teh Yobe died & o
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H 3 W miA A WX 1 W 9 B W FH FE Ul 21 98 e 9
Rs 17.50 9fdl Yehe 3 dieel W Rs 7.00 G Uehe o9 &l €1 afs glafe g
F1 Aferhad ST 12 "2 fRa SU A g (7€ @R diee) % fhad Uehe
saafea forw o aifer erferkay e RN S T

T @M | 3 ¥hE & U9 A X B 94 €1 i o Fmio o < qefei & w=m
1 STEvEE Bt 8, o U TEefea 3R gE saefad €1 U Uohe 19 A
& Fofo d 4 foge w=fem @i 6 e ea=nfaa wefH, 9o ©% U 4= B
& i o ¢ fode weifoa ot 3 e ewaenfaa Teia &1 % & €1 9+
Ty Tl o feq o fou sifirpam 4 =2 % o Ty syesy €1 Fefa 9= A
% Y% Yeh< T Rs 7 3N U= B o Wedeh Uohe W Rs 10 1 oI HHM &1 98
THd g2 o wrm o faftda gt 9= & Yehe fass o €, 9 wifa fw wfafe
ferart Uepe fafir=1 4= o s <l foew one fueran 21 aen etfesmad o Fa
EAIEY

Tk PR A FHEiA Tea oY i awel & I T €1 TS & Fei g
Tk TS / e 3R T TR F1 STagashd Ugdl €1 TF o9 & oo § 2 =52
TE/e &R 3 5 TR 1 Ta9hd] 8l €, S Uk I o A0 § 1 5
TIEA/FTe 3T 2 ¥ TET FI Aava®dl il ¢ TR &1 9uiE ufareA
Afishad 20 w2 31 TIgA/AET T T3 wfafe sifeman 12 52 & fau suers
&1 T g #I Tl T Rs § 2T U 9 1 fa@] T Rs 3 &1 <19 21 €1 72
A4 gu T well ffifa o @R v fa 91 2, 4 sy 98 fmfo & wfafe
St FreE I fo ey eAfirsan €12

Teh ST WEHE % oS Wid foe &1 FHfo = 81 A 7R & ufa i o
=& T o 5 fime #ed @ 10 e wigd § @ €1 B war & ufa |fa g
o fau g fie w7ed &R 8 fie Sied § o € T mn € o wred & fom
o GHF 3 ¥ 20 e 9o g & foau 4 %2 S €1 T AT &
fag ™ Rs 5 @I 9cish B ¥R % Wfd fog T Rs 6 F @19 21 €1 A1 Hifeg
o o9 & sTfirehadieRiol o Tt Yish TR o o= foheH Tgfa Tagl &1 &t
g fmfm g =rfen?

o R 2 TR S Pl g T el T i g e o, e
FIAd HH: Rs 25,000 3 Rs 40,000 RN, S= =1 Fie1 ST 81 98 3TTAA
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T

ol € o wwed %1 %a wifas w1 250 W 9 eAfus Tl i ueh g
& B % T kI T TG Hifw Fo HEIR fsay o ¥ w6 & fon
e Y Af% 30 T8 a9 o fer Rs 70 @@ ¥ Afas 21 € 3R 9% <3
TP T ITHT @ Rs 4500 T GEae T W Rs 5000 T 2|

T §ig 951 § HE W FH 80 A=k faifia A 3 100 A @i B =feT
F WFR & A9 F 3R F, 39a= 81 959 F, %1 @ Rs 4 90 95 iTF,
%! AP Rs 5 40 A5 €1 959 F, &1 U SHE T %8 9§ 0 3 95 faafe
AR 4 9% B 21 F, %1 9fa 36 °§ F9 9 &H 6 T fafi A 3
O e €1 39! Tk iash THT TSN <6 0 H gaag Sl 50 3TER
FT a9 Hed T Hite, s 51 S qisa & g @ i seE g e
I B

% ¥R % 39 F 3R E, 21 F, T 10% TELH &R 6% HEFE 0 21 qen
F,® 5% EereH ae 10% Hremiia o 2| fagdl &1 feafaet a1 wham w0
=& T T RO T € T S8 T wHd o T 14 kg AREeH # 14 kg
FREINE T F AERIRA €1 AR F, FT HIEA Rs 6/kg AT F, HT HHA
Rs 5/kg &, Wl TR &1 fohal Stk ST & g =few aife =0ad g ®
Afsd T 9 el Teh| <78 @[ 1 €|

Fefafea s H#E: 2x+y <10, x+ 3y < 15, x, y= 0§ Tuifa gom
&% % SHE 950 (0, 0), (5,0), (3, 4) 3R (0, 5) ¥l FAMF Z = px + qy, &l
p.q>0, p @ ¢ % fau frafafga o F0 wfay sfaa & @ife 2 #1 sfuman
(3, 4) 3R (0, 5) IA R =fed g @

(A) p=g¢q (B) p=2q (©) p=3q (D) g=3p

(BN HHE) TF TRR(ES 3 Gl P &R Q 1 STAN Fd g4 T fagim

HER GAN a1 21 s P 1 Yol Uehe (T8 30 U ofafae 8) | iey=m & 12

T ©lie dcd o 4 A, Hield o 6 Heh 3N 9 A & 6 95 sfdafase €

Staf SHY AT o 99 Q % Uohe § hew@H a9 & 3 HIFH, i€ acd & 20 HHE,

HICZA & 4 I 21 faarfi Ah 3 A afafde 81 @er § w1 9 %8 240 956

HieTem, olie 9 o HH ¥ HH 460 AEE, S e & afis ¥ @fus 300 THE
arufera &1 g® 9 o fRad Ukl 1 ST T Sw aife omem o faafm At
A &1 =AdH TRa1 ST Hehl
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o fR 9 P e Qo Uehdl w1 WA HH: x 3N y ¥ WA x 20,y 2 0.
TET THE I T e e E

1 SFedl & s
12x + 3y 2240 (SHiewmEm o1 =Hae) #fq. 4x +y 2 80 . (D
4x + 20y 2460 (e 9 F Fale) Faid x + 5y 2 115 . (2
6x + 4y <300 (PR BT SFEH) AA 3x + 2y < 150 . (3)
x20,y20 x20,y20 . (4

Z = 6x + 3y (TH&fHA A) ST ZAdHHRIUT hifST)

FEHEIUN (1) H (4) doh ] SAerEd AUl (1) § (4) d% o Sidiid HAehid
12.10 T <31 71 1 SEH gifved G e (SEfhd) W oeH i S 9fteg @)

x+5y=115
3x+2y=150

4x+y =80

TFT 12. 10
FHE fogett L, M et N s &9 (2, 72), (15, 20) 371 (40, 15) €1 37 fogedt
W Z % 9 Fefafed gl § faan @ gl

@i fag (Sfe) | Z=6x + 3y
(2,72) 228
(15, 20) 150 < | =™
(40, 15) 285
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RN W, BW Z %1 °H fag (15, 20) W a9 I €1 Td: THEn H R el &
Ml faIfEA A =1 O =[AaH 99 BT i {59 Peh 15 Uohe TR 9 QT 20 Uohe
%1 ITART TR RN & Yo H foha S faafi A %1 =JAaH 5H 150 °13 1 ST

IAEA FaEt FUET (Manufacturing problem) T SR o HR@M
o Tl 1, 11 7T 111 ot &) 79 1 8T 11 etfeshan 12 W2 q% =it ST i &7
TGl B1 S T 1 9fafed w85 9 %9 5 ¥ "o =ifeu) Fafoerd sead 9 TR
& HEE M & N F1 3ced w2l €, T qoieh & Scargd § o 7= st efavashdr
Tl 81M 3 N & Yoish Scq18 & T -7 Scdqied H o+ 99il o §7a ol 9 (Fe
H) =1 fafea wroft § fau €
A | OeiE o o wug (He )

I IT III
M 1 2 1
N 2 1 1.25

o€ IS M W Rs 600 Tfd 1 &R Sc4< N T Rs 400 Gfd 1 1 < W o9 HAM!
21 O g T e Tt Souk fow W €, o Seured faean T #, @9 9 it
fF To® Soug o T T 1 S T S, fogd @y @1 SAfuehadiE 77
Afehan e = B2

T foF 3= M 2R N o T T e HE: x AR y 2
AR T pad ¥ = Rs (600 x + 400 y)
TR T %1 T g w9 Frefatad €
Z =600 x + 400 y 1 SAThaHeRIul T

el sey f=fafea €
X+ 2y < 12 (WA [T &) (D)
2x 4y < 12 (WS 110 =ee) . (2)
x+% y 25 (FEA 11 T ) .. (3)
x 20, y20 .. (4)

0 A (1) T (4) F1 e H 81 3ehfa 12,11 § @ = gum™
ABCDE (sMf®d) & fawsi =gemsi (1) ¥ (4) 9% g Fifa e w2
iR FIfe o TETa & 9fieg 2, @ 9537 A, B, C, D 3IR E & R+ %A
(5,0) (6, 0), (4,4), (0, 6) (0, 4) E



TeRfd 12.11
7 FHE fogat (3sh) | Z =600 x + 400 y T A Fafafad gl § fan @ )

@ fag | Z = 600 x + 400 y T W
(5,0) 3000
(6,0) 3600
(4,4) 4000 <—
(0, 6) 2400
0,4) 1600

539

0 3@Ed § fF g (4, 4) z % Afusag 9@ ¥ s/@: ScUss I sAferhad
Rs 4000 oY FHM o AU 9 STI€ o6 4 T o1 Scdied i =feu)

ufiag Wagh W9En ( Transportation Problem ) PR Q= WMl W
T HREH T B 3 T ¥ HA A, B # C W frog o el § 99 94 €1
feu &1 wranfes TeavERd HEY: 5, 5 SN 4 WEHA & G0 €, 99 F P i€ Q Hi
i Ml 1 Ieaed &Har § 3 6 1 2

= afiEed = e wfeg @
A/ T (Rs W)
A B C
P 160 100 150
Q 100 | 120 | 100
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Yodsh hE H Tordd 1 WM Yo TSl sl del S fSe ufiEe =" =daH €12
IdH gHEET =™ S g

aMepfa 12.12 g0 39 TN i fefeied 9 | =a9a fwan <1 @l 21

ST 12.12

o 6 AT & x T R y T HT HREE PH HA: A S B feqr # A @ ad
(8 —x —y) T @i C fedl 9 =1 AMwn (Fi?)
& x20,y20 W 8-x-y=0
aFerfq x20,y20 R x+y<8
o9 el AT WME # wrdifes SEwdar 5 A €1 i P HIEH W x A
feqt A 7 991 o1 b € 34fel FRE™ QH (5 —x) 7, feqt A® def i oyeed:
5-x20, H0d x <52
THT JhR (S—y)aﬁ'{ 6—(5—x+5—y)=x+y—4:|"TWﬁQ@ Fa9: feul B &
C ! 95 SITum| =7:
5-y=20, x+y—-42z20

SR y <5, x+yz4
vl oftees =/, S Z g7 T T €t e

Z=160x+100y+ 100 (5-x)+1205-y)+ 100 (x+y—-4) + 150 (8 —x—y)

=10 (x—7 y + 190)
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oo gue o w9 § Frefatad ®9 9 o6 &1 S Sl 2
9 =gyl = Faa

xz20,y=20 .. (D)
x+y<8 .. (2)
x=<5 .. 3
y<5 . @
x+y=z4 .. (5)

Z =10 (x — 7y + 190) =1 JAqHHIUT HITST
TR (1) ¥ (5) 5 Fuifia smifea 855 ABCDEF G &7 & (2T 12.13)

TR I 12.13

AR FIAU fF gHTE &7 ufieg T GEW 87 & s fage & e
(0,4), (0, 5), (3,5), (5,3), (5,0) 3R (4,0) €1 79 37 fogaii W ZH AH T4 F 8

mHAE fag | Z=10 (x -7y + 190)
(0,4) 1620
(0,5) 1550 « <
3,5) 1580
(5,3) 1740
(5,0) 1950
(4,0) 1940

ot ¥ 96 B € 7R g (0, 5) W Z F =gEa 51550 ©
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¥d: 32 iged ftgfd o ST9uR FREH PY 5,0 X 3 1 3R #R@H Q|
FA: fedl A, BER CTF 5,0 S 1 71 S s 34 feorfa & wa =raw uftaed
= Rs 1550 BAMI

S]ET0T 9 TR & it AR | faerfty A F1 96 F1 Afashadis £+ &
fou g 99 & T ekl 1 STEM BT Wifeu? er d fef A Wi
FfeeRad == = 87

T fRH < ¥R % =1 P 3R Q & foerar (fasamn) 21 P Wl o =, fomam
oI Rs 250 Tfd &l AF 9ok 9 A o 3 HE, 9 B o 2.5 A i 9
C & 2 HE% Tl € weeh Q ek i = fSfeht g Rs 200 Tfd el €, 4ok
TA A W1 1.5 95, 9 B 1 11.25 Tk 3N 9 C o o Hieh el gl
W dl A, B, 811 C 1 JAaq STavashard HH9T: 18 A=, 45 A6 37T 24
TG €1 Wl WhT o ol 1 W A SIS aif fRsor & yoish el
oo =Aaq &7 a9 o e Sl #1 a9 god 94 €7

Tk STRR(ES 3 TR o 93 X X Y F1 30 YR foam =ed € fo fago o
faafim A, &1 %9 ¥ 8 10 A6, i B %0 9 &9 12 996 31
Tt C &t 8 A5k 31 1 kg A& § faerfiAl &1 amen fHefated seol 9
T

w5 | faerifmm A | faerimm B | faerfm C
X 1 2 3
Y 2 2 1

59 X% 1 kg %1 §e Rs 16 31 959 y o 1 kg 1 e Rs 20 21 afad 3TER
o ToTu fg1 sl =J7d9 Jod T i)

e Fmiar < 7R & fEei= A 3R B T €1 39 3299 % fau fmin o 99
T =1 eTavahdT Ugd] © T UdE R < gt < fmion < fag o
(fiet #) f=fafea )

faei™ = W WA
1 | o [m
A 12|18 |6

B 6 0 9
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Yol HYTH AfieRdd 6 = dlafed & fou 3uae 21 95 A YR o faad &1
okt W Rs 7.50 @19 3 B W & f@di< W Rs § &1 o9 & al =9y f&
iy o9 HHM o 70 gRafea A ¥ o 15 fgeid 3 B Wi 30 Taeld
faffm == =fem

T BaTS TS AMRdH 200 ACTAl i AE0 FU GHA 21 TAH T9H 0 <6
feshe T Rs 1000 3 W& 40t & fosme T Rs 600 &1 o9 FHHET S Hha €
TR %9 9 ®H 20 e U9 9ol & fau emfaa e @1 qenfy wem goft
1 270 FH W HH 4 A A WA G0 F fewe W AR FH HI AHA <A €
T4 Hifau 5 y&% ¥R & fFe-fean fowe S99 o afs ey =
sTfuehaHTRT 817 sAfuhan oy fehaT 87

T T HeW A 3T B %1 HSHU &Hal HH: 100 fed 3N 50 foaea 21 5=
I TIH T %M D, E @R FR & 3= F{H] 9241 €, T et
FHY: 60, 50, N 40 Temeat €

JeRl W THAl & 9fd feea uftaed =@ f= Jrof & SR 2

ufa faeest uftegs == (vu=t #)
&l /| A B
D 6 4
E 3 2
F 2.50 3
Uftes = & FrAaHiH T < foau emyfd 1 uftes <68 T w? =g ufteea

o 4 27

T 9 wIEH H < fedt A 91 B €, foee! apqand swmr: 7000 foret it 4000
faet =t €1 FRE@H g 91 B 99 D, E R F & fau smgfd & 2, faant
HETIHAT FHHY: 4500 TA2L, 3000 T2 371 3500 fAex =1 21 fedt © U2 quf
%1 5@l (km ®) Frefea ol & ear 2

W (km¥#)

&/ H A B
D 7 3
E 6 4

3 2

I3




544

T

T O g0 T fiaea = ufa 10 faer m ufa feemier 1 3w €, 9. S
o St eyl Ao ST e, Toew afiee =99 1 AR B S ? e
= F 87

Teh el ScHEeh 3774 901 H S YR & WY P 31 Q S =l STANT T Tehell
21 T % ek gt o ATE2ioH, BIehifeh ST, T S FArA i A (kg
H) Tt § ez e 71 e Hehd <4 € fF 90 % w9 W %W 250 kg BERIEH
A, B U A 270 kg WeW SN FARH &1 oAfuw W a@fuw 310 kg H
TS B

Aqf Icqreen 91 o6 fau foems SH el s 1 "E H GAGH R HE
el € TN, Wk fasor o fRad Ot &1 swEm g wfeu? foemd s et
TR %1 e 9w e

kg wfa g
g P g Q
BECER! 3 3.5
THIEhIE 3T 1 2
EIEE 3 1.5
FART 1.5 2

SUUEd Y99 & W e Siteld) Al o6 9 § THAS 9 arel] Ag2ed i 1
F1 AfRadie =ed € a Tav & fea del = faemn s =feu? frer
ST el ATEere # aAfieRan JE e

T TEelqT ST, A 3 B YRR FI qfea &1 Fmior Fdt 21 mfde gdemot
qAT YA O ¥ Hebd THorn € T wfimfed e ' wfd "we 1200
Tfear ¥ eifas F& T wfew 3R B WhR &1 Yfga &1 ifue o sifus @ A
TR T TfEAl 1 el ¥ Heh Al A WRR FT fEAl 1 Seaed W @
TR 1 e & ST W % 91 T4 W 600 AT fue 21 AR FE A @R
B 4% AT T FHI: Rs 12 1T Rs 16 F1 @9 FHIE 2, o1 FH
TR I & 0 T o fohad T &1 s Sca_d w1 el
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T gk TUEA T 98 T € S 6 = o G B o $ead OF
(Afeshad o ZAaH) 1 A FE Y e B S 5539 B Fed 21 9"
i =g 2 foh =R Seot & &t Waw sEHiwl (e as =iy Fad
®) I HIE HW Bl W H Hf-Hf FolEw =W owad € @ w8
9 Aoyl fas Fuma T fefated €

() SRR Hadl FHen

(i) Scdre HEl THE

(i) 9ferRA HaH] THE
et =T &N /U =t x 20, y 2 0 50 Fuifia swfe 49, T
T YT I %1 U & (O 59 Sd) HEd ¢l
YET &5 o #d: 9 o 991 HiHiq fag el % GHT edl i R B
UG &5 < S 9 & fRE o f4g H S e wed T
I &5 § 8 fog il 3299 Held 1 $2aH M (AfHehdd a1 <[iqq) T
<1 ® ° 38 329 B Fed o
Frefafed 7o e e Teeet i e 6 & O TN Tew & €
TS 1: O fF R U s T e & fau guma e (39 T899)
¥ SR A 7R Z = ax + by 3299 oM B 99 Z T 32qH HH ( fehad
A1 JAaH) 31 & el Haeh SRt = x @ y g el & w9 H afifa
& T ¥E T=a9 HF G &5 % Uh %A g (v woE € =
WO 2: T 56 R Uk ek TR T9E < fu gEa &9 (S 9899)
%ﬁTWﬁZ=ax+bymW%lmﬁRqﬁaﬁéﬁmw,
R Y T Afeshay X U gAad IHT & 3@ & 3R T ¥ g g R
wHE fag (3fd) = feem g 2
IfE qETd 47 eufiag € a9 Afrhan @1 <Fan i § T off 8 Tehar
81 denfy o g e o g € @ R & w4 fag w fem g =nfew
i fag fafin = aw aoen #1 ea &9 & fau @ fafy f= o= o
fpanfaa e 2

(1) e QU TSN & GHTA &5 hl A I qe 3Hh HHE f6g

(3fsh) =1 Ad wifsm
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(2) T® HiAA o5 W IEWT B Z = ax + by HT HM A1d i@l HH
wifeTe 31 fogetl W etfushad et =am 9 HHY: M ae1 m €

(3) AfE GHTa &7 Ufieg &, A M 2 m FH9: 5599 Hod & Afadhan a9
=[FdH TH €l

Ifs G &7 efiEg € ad

() 39 e F1 M SIfushad 7M€ A ax + by > M % g1 Tuifia e
el U &5 o WY HIg sHAlTS g T T §1 en sy
e 1 Hfmhad T T g

(i) SE B H FAGH HE m € AR ax + by < m 50 T gen
efael 3T GETE &7 T w3 g SATs T €1 2T ST B @
FE = 71 T €1

AL GETA & o 3 FHH G5 F1 35209 TH Th & FhR F1 ¢ 32iq <A

I Afehan o1 =Aaq 99 93F F € 99 3 <A faget # fFen 9w

targe & Tl off fag w off S8 9en 1 3w & @)

fedta fava g5 o, 99 gg WaeH &t deA o9, faow fe wmpi =
=Fde = W #fusad g1 i, as g fafy afaa 9 o)
fa® Y & &7 9 HeM WUHA &1 YA ®5 06E L. Kantoro Vich qel
STHIRT AAMET FL.Hitch Cock A 1941 H U1 S 1 Tedd &9 ¥ &r
TH URMTEA 1 IREET-HHE 6 AW H S N W 1945 H SIS TSI
G.Stigler = g WM T, & Al s52aH BN Heiell e 1 9o fRan
¥ 1947 H GB. Dantzig 4 T& &l yoi fafy o favery fafy <6 am 9 ufag
€, 1 g e S sk g weEne # HiHa gedt § g w4 R e
fafa

e e fafy  anfes %R 5 % SR T 1975 ¥ L.Katorovich Y
ST TioaE SAefeme T.C.Koopmansaﬁ HﬁWﬁ:ﬁ@ﬂWWm
T Ifhe a9 STTEsash Witeaay o STNTHA o W1 &g & &l dicad T
o Mg duma oty & oawm o sww 9t 8 w® R



YTirehdl Probability

1 WAl o Hfed B @i SAMY=A &1 |9 oh €9 H TgI
ol e ®H oA WU, FieHmid (1903-1987) gW
yfaufea sfemfada feshion i1 swnT foman o ofn wiaewar
=1 & oh gRoTHl 9 gRea B o ®9 H e
TR ol 9 THyYed gRUTH &1 390 | Wi <6
srfimyfadia <o et figera fagia (classical theory)
H THekerar 1 wfud 1 ofl| 39 UHEEd o SUR T EHA
st 8 s o T
TR TR =21 ! WYlds™ TRl (conditional probability) (1601-1665)

o 9N H faar w31, SEfe R o7 92T % #fed 8H 6l §= SHR " B, 991 39
HEwIYUl AU hl HEH ¥ oI5-THT (Bayes' theorem), WTHehdl 1 UH T=H qe
s w6 o) § T §9 5fes% = (random variable) 317 $Heh WAl S
%1 HEwQUl ST ki TR qf TRel WieRdl S o WY (mean) I WERU <k
I A G| AR ok HdH SIHN H EH Tk HEwequ AEdd Wi¥ehdl g (discrete
probability distribution) = =¥ & F7 ¥ f5u< e w1 9 €1 39 1eAd ° 79 W
e ot foeh Ufioms e B €, W a9 T e T %el T el

141 7 BEH Tl w2 1 wifehar 9 % ==l w1 81 9 7 frdt el wafe
F1 S AN & R &, @ P fRE uE Te & ufed e F gEA 1 qeE IR ueA
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F1 Wfehdl T ISl 87 P 39 99 o 3¢ o T U gt g o famm ot
forer aftom wHgTer €
SR 319 dF A=A (fair) THah] #1 SoeH o TEn W/ fa=ar wifau 39 oo
qﬂ‘)ﬁl’@fmé:
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

mmm%,mwmwasmmﬁgzﬁméﬁﬁg

F Ghd €1 9F iU E s “=an < e wee g 3R F we “ued fage W
w2 yeiia e & el w1 )

@ E = {HHH, HHT, HTH, THH}
N F = {THH, THT, TTH, TTT}
B P(E) =P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
11111
“syss 2@
& P(F) =P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
11111
8 8 8 8 2
o g En F= {THH}

W P(E A )= P((THH}) = £

3 A e g faan e @ fF v fag W U2 yhe o1 € ofeiq S F
wfed g2 €, 99 e E 1 Widehal 941 €7 Foh wfed 89 &1 g= W 78 ffy=m € fw
E %1 TRl 9 3 o forw 39 giaesl fagatl = fa=m =@ o smom 596 ge
s T 92 &l €1 91 E o T 30 e ¥ wiasyl Tl S © veak THH SuHye
F o9 T €1 3T VIl H, 39 SIfarad g 3 € aiad | 98 9ae € % g &6
T T 0 A5 T o6 &9 § THg =fen fms yfassl aafe shae 37 aiomt
¥ 9=ad § S f WA F & 31 Fd B

S| F %! o¢ Ufasst f4g <l E & «f 3fgepal &; THH €1 #a:
F &l Yidssl ¥H% A gL 52 E 1 Ui¥ehdl =

1
4

- FwaﬁamﬁmwgﬁmEﬁuﬁwzi
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el E 1 36 UIehdl &1 Hufaas TIekdl %ed &, Siaih ad € T = F =fed
& & €, 3 39 P (E|F) g =¥id 2

1
#19iq P(E|F) = "

e HIfU fF F & o s/a@d ot %1 E < 1 ol §, E 991 F o 9l 31asd
e €, Ui E n F o gyl fag €l

3d: H e E 1 Uudsy Wiashdl, Safd 96 © fF ST F ufed & 91 ¢ *
= 7R @ 9@ R TEd €

(E F)F oo afasst oz = 9@
F & o/ fasst fagen =1 wen
~n(E F)
()
;9 9 9 T HI yfasy wHME o 3@Edl & $a ver § faafaa :9 W EH e
€ T P (E[F) & 19 w1 9 formn &1 @ €:

n(E F)
n(S) P(E F)
(F) PF) .. (1)
n(S)

e wifan f (1) 9t 7§ 59 P(F) = 0 {4 F = ¢ (F?)
#4: gH Fafday Wiawd &1 71 9 o i = ed €

afE Eden F fonel agfess uiiem o yfaesl gafie 9 gefia < sed €,
d F< wfed g9 #1 ga1 |, E &1 Wiawkar F=fafeaa g7 9 9 e i 8:

P(E F)
P(F)

P(E[F) =

P(E|F) =

P(E|F) = , Stk P(F) #0

AH o T Equ F Tl gfaeyl wofe S &1 9 o €
P (S|F)=P (F|F) = 1

P(S F) P(F)
P(F)  P(F)

& 9§ fo P(S|F) =
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_P(F F) P(F)
e & P(FF) = PE P
ad: P(S|F) = P(F|F) = 1

afg A 3T B gfacst gafie S 1 g < et & R F U 77 ¥ 39 TN
g % P(F) 20,7
P[(A U B)IF)] =P(AJF) + P(BJF) - P[(A N B)IF]
fas w9 9, 45 A 3T B TR eTuas WA &, o
P[(AUB)|F)] = P(AJF) + P(BJF)
& o € T
P[(AwB)nF]
P(F)

P[(AUB)F)] =

~ P[(AnF) U (BnF)]
- P(F)
(T=adl o HaAtTS W WiHe o Jeq MW )
_ P(AnF)+P(BNF)-P(ANB N F)
- P(F)

B P(AmF)+P(Br\F)_P[(AmB) M F]
~ P(F) P(F) P(F)
=P(A|F) + P(B|F) — P(ANBJF)

TE A qe B T 37qash @l dl
P[(A N B)[F)] =0
= P[(A W B)|F)] = P(A[F) + P(BJF)
3: W A qe1 B RER 9es " € dl P(A U B) = P(A[F) + P(BJF)
P (E|F) = 1 — P(E|F)
T 9 EH Aa e TR P (S|IF)= 1

= P[(EVUE)F)]=1 FifF S=EUFE
= P(EF)+P (EfF)=1  eif% EqeN B WO Auasi wed &
Cif P (E/[F)=1—-P (E|F)

EY 39 ®S IR0 dl
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7 9 4
EIﬁP(A)ZB,P(B)zg @RP(AmB)zg,?ﬁ P (A|B) 9 hifam

P(A B)

&9 Wd € 5 P(A|B)= (B

4
9

\\o|$\4>

—
W

T UfEar | 9 9= €1 A 98 99 B 6 "= 4 W FH 9 HH TH o=
ALHT €, A SAI Al b TG B I FA Wi €7
M ST p i &1 T g ASH! & Fefia i € e @ gaget i €

S={(b,h), (8,), (b.8), (8.8)}
O ST E den F o frefafea seaet = gofd @

E:‘ﬁ‘@lﬁa@ﬁ?%'
F:'g=dl § ¥ %H ¥ &H 0% aHh ¢

= E = {(b,b)} R F = {(b,b), (g.b), (b,g)}
a9 E m F= {(b,b)}

3 1
a1 P(F)—ZaﬂTP(EﬁF)—4

1

PE F) 4
wfm  P(EIF) = ;(F)) 3

1
3

o

T 590 H IE € 1 Y 10 9% P forg T T T 371 5% 3] e
Trretran T TH T 9 U FE Ag=sdl Teen @ 3fE 9w 9@ g fF e mowE
™ HEn 3 Afaw T, @ 39 Wen & "4 e k1 F Wiashdr €2

T oo fom AT fhtel T 1€ W 9 Wew € @R B e e T e
R HEN 3 ¥ 9t @ & fef| #3d €)1 e P(A|B) I F4A €|
30 e 1 eyl e €:S=1(1,2,3,4,5,6,7,8,9, 10}
LiEl A={2,4,6,8,10, B=1{4,5,6,7,8,9, 10}
R ANB={4,6,8,10}
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4
=L P(A)z%,P(B)=%3ﬁTP(A B) -
4
P(A B 4
“ PAIR) = (P(B)) 7 7

10
e TEITe § 1000 ferene €, e @ 430 wefEa €1 9 9@ € 430
H W 10% i wen XI1H Tl €1 9 Wiaswkar & % v argssan I T famnef
Fol X1 H Yeal € A 98 91 ¢ foh < e famneff aewt €2
A <A B S argssan <1 T faene en X1 9gar 8 3T F e agssan
<1 T ferenet sigwt @', 7 owe wwW €1 e P (E|F) I T @
430 43

3Ta P(F)= —— 043 T P(E F)=—— 0.043 (F?)
1000 1000
P(E F) 0.043

- PER= "5 043

Th 9H &H 9 91 ISEH & GHE0 H 529 A 991 B &1 9 9ar o
yftwfid e T 2

A T 39T W HE 4 YEhe Al
B : ‘Tecll S9 R WEAT 6 A TE SO W @A 5 ¥R BT
AfE B &1 "fed g9 e T ¥, o wel A Wi WifHeRal o ifew)

yiaes wafie 4 216 dftomm )
o, B = {(6,5,1),(6,5,2),(6,5,3),(6,5,4),(6,5,5),(6,5,6)}
(1,L1,4) (1,2,4)...(1,6,4) (2,1,4) (2,2,4) ... (2,6,4)
A= (G,14) (3,2.4)..(3,6,4) 4,1,4) (4,2,4) ...(4,6,4)
(5,1,4) (5,2,4)...(5,6,4) (6,1,4) (6,2,4) ...(6,6,4)

R A~ B={(6,54)}
6 1
SiE] P(B)Zﬁﬁ'{P(AﬁB)Zﬁ
R
P(A B 1
o P(AB) = (P(B) : 2é6 6
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T I ] 51 SR IV T AR Fohe gE W@ k1 =AM 6 T T HEA
4 % F[TAH Ueh R Gehe € hi HHfdE TRl 1 hifs)
T AT E 521 ‘G&AT 4 =1 =< Tk o1 Yehe 21’ 3 F ¥ ‘<A1 Id W
T TEAS H1 AN 6 BH’ HI I 2

GE] E = {(4,1),(4,2),(4,3),(4,4),(4,5),(4.,6),(1,4), (2,4), (3.4), (5.4), (6,4)}
Sk F=1{(1,5),(2,4),(3,3),(4,2),(5,1)}
9 Sd € T P(E) = % P(F) = 3—56
qen E nF={(24),(42)}
G| P(ENF)= %
3d: difsd Wiehd

2

P(E F
P(E|F) = (P © ) % 3
36

4l q T = Theo T fomm TR ® fomes weft aftom wmeeren 9 2 e
& fou g wufasy wivmar =1 oftyfia fean €1 qenfu wofasy wifasear =7 ==
R, S w9 9, 59 feufa 4 off wE 1 S Hhdl ©, S Hifelsh Sl SHEered
T 81 Wfawasit P(E A F) @ P (F) 1 9feher deq@r fmar < 21
amen frefafea see o 30wl

Teh Toereh o1 Ile o IR0 R fa=r shifem) =g fieger T f9d gehe =1
dl T4ereh sl T Tl WY A% Toeer T 92 Tohe B 1 Tk I¥ il Theh| Al =1 A

¥ FH UF U Uhe eI H Hfed @ fRa M @ (H,H)

T T W 4§ 9] 9= TES BA1 @i gufaad fara (H)

TRl A hiTeId| (H,T)
7o o gRumHl @) o= 13.1 § e e W gg

THA 21 W WER & A F| gENE FEd & 7= (T) (T3)

T 1 ey wEie 2 gg

S= {(H’H)s (H’T)’ (Tal)o (Taz)v (T93)9 (Ta4)= (T,S), (T’6)} 341737]%[131 (T.6)
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el (H,H) <eiian € 7 <9 Seretl @« foa wehe gen &, e . Ys_- (H,H)

(T, i) 51 & o Teell 5o N e whe ol R WE ® S<an
! e T HEAT | Yhe gl (T.1)
3 8 Wferd HeAat (HH), (H,T), (T,1), (T.2), 4 ")
111 1 V2 r3)

(T,3) (T,4), (T,5), (T,6) 1 HH: YYNTRTE 72 (T) v b
111 1 o ()
E»Eaaaaﬂﬁ?ﬁﬂﬁﬂfﬁﬂﬁmﬂ?ﬁﬁ%,a@ﬁﬁ 1/12(T’5)
fam 13.2 9 1= 2 st 132 (T6)

o F 51 a9 T 92 Tehe 21’ 3R E el
‘U W 4 W € HE ghe B R S §

= F= {(ILT),(T,1),(T.2), (T,3), (T.4), (T,5), (T,6)}
E = {(T,5), T.6)} ¥ En F={(T,5), (T,6)}
ST P(F) =P({(H,T)}) + P({(T,D}) + P ({(T,2)}) + P ({(T,3)}) +
P ({(T.4)}) + P({(T,5)}) + P({(T,6)})
11113
4012 12 12 12 12 12 4
S _ IR N |
PENF)=PHUTIN+PUTON=T; T
1
_ PE F) 5 2
1 P(EF) = —> H 39
4

afs E 3t F 38 SR &1 =g € f& P (E) = 0.6, P (F) = 0.3 &R
P(EnF)=0.2, @ P (E|F) &R P (F|E) 1d sifem)

P(A|B) 9@ &ifsT, afg P(B) = 0.5 8X P (A N B)=0.32

g P(A) = 0.8, P(B) = 0.5 3 P (BJA) = 0.4 G =hifam

(i) P(A N B) (ii) P(A[B) (iii) P(A U B)
P(A U B) T ®IfST AR 2 P(A) = P(B) = % T P AB :%
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aﬁP(A)=%,P(B)=%afr{P(Au B) %a‘ramaﬂm

(i) P(ANB) (i) P(A|B) (i) P(BJA)
Frefafad us9 6 9 9 9% P(E[F) 9@ hifau)

s T 1 dF W ISl T 8

() E: 990 3o« W faa F: geelt 391 ol R fa

(i) E:=gIaq a1 f=a F : 3ffiehaq wsh fod

(iii) E : @ifererag <1 92 F: =JAdq 3 T

< THERT & TH AN Il T e

(i) E:TF 9% W 9 U 1 ¢ F : U foaeh W fod 7o 2 €

(i) E: % 92 The T&l 211 & F i f9a yehe F&l e &

Tk I 1 i IR Sl T 8

E : d9d S9@ W & 4 T6he B

F : qgelt g 38/l I %H: 6 90 5 Tk &

wh it o o o, T @ o A we v

E:qF 0% fl W wer & F: foa 7e o we €

Th FHel 3T T ol I ] ISl T 8

(a) I 9 YT HEAA! w1 AN 9 BH i FUldEY Wl |d HifW IS TE
[ 2 fF Fel T W 5 THe g2l R

(b) HHl I YT HEARA T AN 8 BH i HYIdEH WAhdT Ad il A€ I8
I B T @ U W e " 4§ % )

Teh =54 I ] ITl T 81 et E= {1,3,5}, F={2,3}, 3G = {2,3,4,5)
% fau f=afafes I wifem:

(i) P (E[F) 3 P (F|E) (i) P (E|G) & P (G[E)

(i) P(Ew F|G) 3P (E N F|G)
T o o S o 9Tl S R ighl A1 g s THETed |1 Afs e ufiean
T g =4 €, O SHl 9=a o Agh! B i UHfasy Wiaswar @ €, AfE 9w fen
T ® TR () T Bie I ASH] ® (if) JAqH Uk Sl ASh! €l

Teh Fi¥TeTeh o T19 300 Io/3T9 bl o STHH 999 200 Tol/39c Yl oh
FieT T, 500 Tg-Tahedi™ TR & THH T ST 400 98- fahed™ TR &




556 T

Ffad yoAl #1 G0 21 3K FT 6 WU W TH WS A5 oA 9l €, o Th
FHE Y9 &1 95-Tashedid BH H1 WRwRd 1 BA17

I fean € T < w7t W W geEd fa= fae €)1 59 weme
AN 4 M T WiAHdl Jq HifaTl

T W ! e o W0 T =R Fwifn 3 a8 m yee "' 3 @ e
€ a1 U H A e oM AR HE o G vhe ® d Uk feeh %I 39|
AT ' AqH Tk U R HEAT 3 e B i e § @ we | faes W ue yehe
g’ & wgfqay Wil dd Sifsm)

ﬁﬂﬁf@ﬁﬁﬁ@mﬁaﬁwﬁl
afg P(A)= =, P(B)=07dd P (AB) &:
(A) 0 (B) % (C) ufiwrfa =&t (D) 1

afs A &R B Het 36 9N € fF P (AB) =P (BJA) # 0 =
(A) AcB (B) A=B (C) AnB=¢
(D) P (A)=P(B)

oA oife fF E o F u# wfdes wmfe S &1 @ WeAd ¥ weaw ug=E
ENF SH 9eTef EQeTF < wfed €9 i S9iar €1 &7 sl § ENF S Baen
F o TUq ¥fed €9 1 S0 €1 5 E~ F & EF «f feran = €1

WA g9 YA WAl EF 1 Wl 910 i i STavashdl il €1 S8 o fel,
T & A% SH U e % wWew | 79 g e (U TRene SN e T #6
W I 4 T 355 8 Thd €| el EF &1 WiHhal 9 #34  foau &7 "wfaas
iRl %1 3T I € 9w T e fEmen e

TH WMd © TF Wew Fo U §H W weT E %1 uufdsd wifdshdr =i
P(E[F) 30 =91id & i 39 frefafgd ver @ 9@ @ 2

P(E[F) = ,P(F) 0

ST Uiy § BH fog wwhd © TR
P(E N F) =P (F).P (E[F) (1)
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T 9 off 54 2 R

P(FIE) = o P(E) 0
gl P(F]E)zp(f(—E)F) (i ENF=F UE)
3 P(En F)=P(E) . P(F[E) e (2)

(1) & (2) =i fqom ¥ 55 7 gar & Fr

P(E M F) = P(E) P(F|E) = P(F). P(E|F) 5/@ % P(E) = 0 &R P(F) # 0
ST WO B WfeRdr 61 PE T wed §1 SR T 39

Teh Hersl H 10 hredl X 5 s 18 81 < S Tk o o1 Th bl il

€ ¥ qeell g g & Fraer ¥ ved avg T w S §1 A3 ofife i e |
Y Yl Tg &1 e TaEae €, @ <1 el g e w1 e arfienar 22

AT % E ‘Ut wiell g & e’ &l "e € SR F S wiel 1% & e’
FI WM €1 ¥ P(EAF) AP (EF) 9@ A 21

o P(E)zP(q%FﬁﬁaﬂaﬁaﬂFﬁﬁ?ﬁaﬂm):%

e €t T 7 @ fon veelt Teprer § wredt S Frepelt € etefq wew B wicd g8
o9 FHEr H 9 FieAl g 3R 5 HS S @ ME 8 s, 3H A FeA B T WiHwhar
S o Teell g F FHem B 2 96 ©, O ¥R el had F ok wufaey Wik §
S E %1 Hfed 21 9 2

L Pmm=%
&9 Wiashal o oA TR g0 e we T €
P(E~F) =P(E) P(F|IE) = P(E) . P(F|E) . P(G|EF)

10 9 3

15 14 7
I @ ik geteit & forg WifireRar ot 7O f9m At E, F 311G T wfaest wmfie
1 HAT F

P(E~FNG) = P(E) P(F|E) P(G[ENF) = P(E) P(F|E) P(G|EF)

$HT YRR WIfHeRdl oF 0 T = faar =R A1 eifven we st o T «ff fopan < e
21 Frfefiaa seetor §1 weed & T witesar & o FEm % gk W i @)
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52 Il sk ST=S! € Hel T TSS] H W Ueh oh 9% Teh i O o et
fopu frepel U TEEl € U 1 9EIE S G 1 3EeR B ! o iRl €7

aH o b K =e  FrepTen T 99 SeeE ® Wl S A Hed ¢ enTel e O e
2’ ] o H &1 a8 P (KKA) I 4T £

4
= P(K) = 5

e g P(KIK) 2 o g1 W R ‘qget FeRren T SeenE € W gl T
SISYME B 1 WA i <iar 81 7/ e § (52 — 1)=51 90 & o 9 =eeme €
zafe P@m=%

#fad: P(AKK) S F1ehtel T O 1 91 B 1 Wyfdse Widshar € o o &4
I & i < TevE Tedd € feee o 9 € o e § 50 T w® M E

st PAKK) = PAKK) -

ikl o TUH I g0 g9 W e ¢ fE
P(KKA) = P(K) P(K|K) P(AKK)
4 3 4 2

" 52 51 50 5525

52 I FI ML B ¥ U T Feeer & v R e Fifa faed o difas
W 1 GHEEEE TE A €1 4E E qe F A9 weAret e wan awn fagh @
&' &R ‘TRTeN T U9 U ToRRT € ] N A €, 4

P(E)=;—; %aw P(F) ;12 %
e & ‘E R F' w2 feren e g o) o g9 @7 6 o el €, gHfen
P(EﬁF)zé
1
o P(E|F)=%%%

13
EIEﬁﬁP(E)Z%zP(E|F),%ﬂRW%ﬁWFE}?EﬁH%ﬁaﬁWﬁW
E &1 Wiasha ™ %1 399 &l 2en 2
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= 9 ff € f%

1
PE F) 5 1|
PE)y | 13 P(E)
4

EH:P(F)=%=P(F\E)W%ﬁﬂﬂEﬁ?‘ﬂﬁﬂﬁﬁqﬁWﬁm F &t
YIRERdl O T GHE T8 Sl 2

&d: E 991 F 39 YR &1 " € ff fef us we & =fed e &1 g ol we
1 iRl T HE Y9G T e €

T THE FH FAS F  w@aT gEY Fed B
< Hedel E 9o F hl %es Wedrd Hed § 41
P(F| E) = P(F) Sl P(E) # 0
P(E| F) = P(E) Sl P(F) # 0
q: 30 R A P(E) W P(F) #1 I AT STEvaE €

P(FIE) =

& YIieRdl o UH TEE 9

P(E ~ F) = P(E) . P(F|E) .. (D)
AfE E 3R F wa 5 & @ (1) W g5 9 2 € R

P(E n F) = P(E). P(F) )

A (2) % SN G B T FeART i W @ FEfategd we 9 F uftafia
F THA 2
AA o E 3R F feddl agfees oism < ofagst aafe #1 < W €,
P(E n F)=P(E) P(F)

1. = e EdeNF 1 WA (dependent) H&d €, A% 9 Taa= A & A4iq A%
P(E ~F )= P(E) . P(F)

2. FHH-H AT T N WER AuES| wNH o ue 9H Uey 8 S gl
“Ters TSl ] RIS SIS i Wiidshar’ o w9 H H1 T © & TR e
TSt TS i URAT ‘HeAE’ o w9 H HI T T THeh HTd, TE
STaarst HeAE o HiE ot uftry wd w1 T 8 v € fhg Tas wenet o
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it @ off 2 "end €, 9% e wea wAfied 1 Tead CwEds Hednd! #i
‘IR Ses]] e gAY 2
T vl |, Ak < U T Tt wedt € ot wiimar 3w #9198 e
Ui Fel & Hehdl 2| faeid: 9k < 3 Wfhear aell e TaEst weAnd
wedt €, O 98 T@as T8l 8 Hehdl 2
T Aoz FIET T FEAW €, A% ek e F1H E 3R F o fo, 9@l E
el THeTOT W qe F S8 e ¥ wefad €, wenell E 991 F o Us Wy "fed
EH 1 Wik, i <M e Wo feeu ST, wifEeRar P(E) 8T P(F) & o
o T Bl ©, TS gfisher <A1 el oh SUR W STe-STer TR S
g1 Mg P(EMF) = P(E) . P(F)
1 w2 A, B 3 C &l WG9 %el o[l 8 A SN had 9
P(ArB) = P(A) P(B)
P(A~C) = P(A) P(C)
P(BNC) = P(B) P(C)
3R P(AmBNC) = P(A) P(B) P(C)
I ST H 9 9 U HH UF 9 I6 TcF Tol Bl © al <f T TS i s
&t a1 e 2

Tk U1 &1 T 91 9 G 21 9 UE T YT S 3 ] S9e
2, % E 9 N ‘U9 W 9w e §H 2, %) F 9 Trsfyd fean sed s s wend
E 3 F %43 872

&0 o € T 39 wheror o1 wiaeyl wmfe &: S=1{1,2,3,4,5,6)

o E=1{3,6\,F={2,4,6} 3T ENF= {6

2 1 301 1
Ll PE)= < < P() © A PE F) -
AT P(E n F) = P(E). P(F)

3@: E 3R F @as 9o 2
Teh 3HME (unbiased) 99 i < 91 SV TN T o A 2 g8t

39T W favq e g g9 i B e ‘T s w favm wen w2 <
21 HETE A ST B b @G 1 THHU HifS0)
Ife gt 36 Hiferer TeTel & THEEE 99 o
18 1

P(A) % %ﬁIP(B) % 5
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o & P(A ~ B) =P (A 3@ § faum T aa g
_2 1
36 4
11
= P(A)'P(B):EE 1
TR P(A ~ B)=P(A) . P(B)

;A 3B W4 HeAMW 2

1 ekl &1 Sren T #1 °H ©f ESed fdM faa W dF 9e ura emr
SR F e ‘= < foa W 2 SR G we ‘ etfushad < U2 W e w1 et
FW 1 TH (EF), (E,G) 3N (F,G)H ®H HH ¥ Tdd 82 HH-HH ¥ T3 82
e 1 yeey wEie ®
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

T E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
Einy G= {HHT, HTH, THH, HTT, THT, TTH, TTT}
1y g EnF={HHH}, ENnG={TTT}, Fn G={ HHT, HTH, THH}
2 1 4 1 7
ELsITgI P(E)== — P(F) - — PG —
B =3 pPE o 5PG 2
1 3
PENF)=2.PE G o PF G <
111 17 7 17 7
-~ = Z,P(E) P(G) — — —3R PF) P(G) - — —
1em%”rP(E).P(F)428()()4832 ()()2816
1 P(E~ F)=P(E) . P(F)
P(E~ G)#P(E) . P(G)
R P(F~ G)#P(F) . P(G)

T AT (E 31 F) T € STkl Hed (F 377 G) 311 (E 311 G) Tfya €

firg wifSe f& af E S F < wads e € 9 E 3P o Seads g
FifH Edel F &&dd ¢, 39
P(E n F) = P(E) . P(F) . (1)
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e 13.3, % 99-3E 9 ¥ % € 76 E A F 3E A F W8 9es € i wy &

E=(EnF) v (EnF)

Fifh ENFSREN F TR &9ast €,
B P(E)=P(ENF)+P(En F)
gl P(E n F)=P(E)-P(En F)

=P(E) —P(E).P(F) (1) ¥

=P(E) [1 — P(F]

=P(E) . P(F")
#d: E P Teds " )

E
N

(ENF’)

(E'NF") S
v F

(ENF) (E'NF)

PRl = TR TE < o1 9w § oAk

(a) E/ 91 F Tt @
(b) E/ 9 F’ T 2|

TR 13.3

A% A &R BT el € 91 AT BH W =JqH Uk & 8H 1 WiFhdl

= 1- P(A") P(B)

P(AITBH ¥ =Ia49 T& hl M) = P(A W B)

=P(A) + P(B) — P(A N B)
= P(A) + P(B) — P(A) P(B)
=P(A) + P(B) [1-P(A)]
—P(A) + P(B).P(A")

— 1- P(A") + P(B) P(A)

= 1= P(A") [1- P(B)]

= 1— P(A") P (B))

afz P(A) %,P(B) %SﬁTAHmBWWﬁ%Fﬁ P(A N B) 9@ HIfAT
52 T T UF TEE ° U Ag=wa o fatenfia few o uw e T S

Tl o Rl V1 1 BH H WG Fd Sifem)

Tl o T feedl a1 Tlleor 399 o dH wa @1 g fa ufaeenfua feo
T Pt #2 fFar s 21 af] 9 et TuoEd o B a fes w6 o
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fau wiegpa fopan S @ e ereiga =t Sd €)1 T feem forgd 15 Hat €
O 9 12 o= 9 3 @ "t €, & fah! o foru wiiepa g9 =) wifeear 3
I
U e TR 37 Ush Afa O S Sl T 0E o A e faees W faa
Yehe Bl &' S B W (U W EE 3 Uehe Bl 8 i FEfud wed ©1 e
FIfom ff T2 A & B wWad € O &2
T U9 W 1,2,3 el W S 4,5,68 ¢ fo@ mu € 39 I8 & S8
T AF o AT CHE UH € ST B e ‘ue o U1 9 fo @, @l
frefia s €1 F1 A 3N B Tay 82
T ©f Ed9TF 31 sed 36 ¥R € % P(E) %,P(F) %afr{P(EmF)zéaa
FAE 91 F &as €2
A SRBUH wead § T € W=l P A =%,P(AUB)=%?MT P(B) = p.
p A TG SIS A (i) e T sges 1 (i) Tl Tas €|
T @ A @B Taa 924 € a9 P(A) = 0.3 SRP(B)=04. 7=

(i) P(A N B) (i) P (AU B)

(i) P(A[B) (iv) P B|A 9@ ®ifam)

& T WAl A 2 B U €, SRl P(A) %,P(B)=%3fﬁTP(AmB)=%ﬂEr
P(A-TE X B-7idf) W4 whifem)
O W Adel B s WA @ S P(A)=%FMT P(B)Z% SR
P(A-TEl iR B-7&Y) %.w A 3R B w@ad WA §?
A 3 BTEda WA §f T € W'l P(A)=0.3, P(B) = 0.6

(i) P(A 3R B) (i) P(A T B-&Y)

(iii) P(A &1 B) (iv) P(A 3R BH %5 o 7€) 1 9F 1 sifem)

Teh U ] 49 9N ISl S € 9 FH U HH Th 91 [T G g g9 &
EIRETIIS SIS I

| T T gre § T yiqeenfua fru ferred ST 21 9t § 10 el ST S
o T € @ WTHRar I HIAT (i) HT S el @1 (i) 9oH Hiel 16 3 o
Bl (iii) T hrcdl q91 TERT e 2
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T

@WW#{A@TB@HWW@WW@WW:%&I

%%laﬁﬁ,wﬁw@,wwwwmaﬂﬁ%,ﬁuﬁwm
EQIELEED
(i) T T € Sl €
(i) 379 ¥ qeIq: FE TH THSN g HL ol €
AL o6 52 T 1 s YT eSSl U T Ia1 Al b st 21 Frefataa
T ¥ fod somedl 9 s E #iR F wad 89
(i) E: “Frehten 70 U1 §HH H1
F : “fehrel TR U 39T @
(i) E: “Fehtel @1 71 et W1 67 #
F : “fehTem =1 o1 U Tene €
(i) E: “FerTen 1 T U SIE9TE A1 UE S @
F : kTl TR U1 UF 9 @ U A 2

T BEEE H 60% Tereneft &<t &1, 40% U 1 21T 20% Al FTEH & &
Teh I b Ag=sdl AT Sl 2

(a) WAl I HiAT fF 92 T @ & o 7 & U # TEEr vedt 2

(b) T 78 &G F1 @R wgdl € 9 STh IS HT SRgER o g 9wl g
! UTTeRdl A hifeu]

(c) TfE 98 IS 1 eTEan Ted € o 35 & o1 srgan ff e arl gn
! UTTeRdl A hifeu]

Afe I T T SIS IDE T @ d Felh T W HE A9 e T w8
+1 Wirshar fefafaa § @ @ 22

1 1 1
(A) 0 (B) 3 © 5 (D) 3¢

< HeTE A 3N B % WER THad %Ed €, a9

(A) A 3B WO ATas & (B) P(A’B’) = [1-P(A)][1-P(B)]

(C) P(A) =P(B) (D) P(A) +P(B) =1
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oM efifee o < St 18R 11 feu e 2 g 1H 2 "W S 3 el We 21 S e
4 4 ¥ 3 5 o 72 2 frell U 9t § 9 U Ve Agesa Tl S €1 ed

ﬁm@a@[aﬁwﬁmﬁ%mwm%mwwaﬁmﬁmn

H ¥ wh R W (9F o 99R) W% 1 TR %1 Wil ot 9 T Tehd 1 e
sl H g TR famiy @1 &1 T freber %1 w9 R Hwd €, 9% o e fm
T 2 foh % BE-E e 9 Tl € |1 T 9 21 39 919 $ Wfgehal 9" R
THd & T 95 fordt faew e (Am o don 1) 9 Frepeed 6 ® 3t e el 7w dig
%1 01 71 82 el e G-l T FI Ufael™ (reverse )Wl o & € e
9% 1% B arell W2 %1 56 9F 8 Ui a7 99 3 ufderd w94 w6
1 TR 1 HHIH GHqeY WA o STEN g5 A |1 S g a4 T A
‘S-gHE’ % T W W] W61 S ST Grad 1763 H WIS geT o1l S5 -WEA
& FHYT G T W Yd A TF TR A 9 yrfws g T faem st

A E, E, ... E, % T & giaesl wHie S &% favee i fef s @ Ak
(@) E,NE=0,i#)ij=123, .n
(b) E,VE W.UE =S84
(c) P(E)>0, %k i=1,2,..,n% fau

T W H, ¥eAl E B, ... E eyl wwfte s fawsw &1 frefia wwdt € aik
A A TG §, T q1 ST WGkl YR

SSEIUM: €H SEd & % 1 " E 2 SEH T e E Uldey wHfe S
faure & i ENE'=¢ 3R EUE =S.

oo Tt 13.3, 9 &0 STEHT 9§ U&I0T Y Tehd ® o 4f€ B ST F fordt wfasst
Tafte S, % W FE 3 T €, @ {ENF,EnF} =™ E %1 TF fq9eH 2l

= {E'"FEENFENF} Ug=A EUF & T% fa9eq € iR ag=m
{(ENF,ENFEE NFE ~F)} 9 gfaset S &1 1% faumem 2

9 gH HYU qiekdl 61 9HA <l Tag &)

91 @ {E, E,,...E } Wiyl e §, %1 wF fasmem 2 ot 9 & fF udAw
¥eNE ,E, ,..E &1 Wfasal 3= 21 71 v A vfaesl wufie & @@
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WAl 2, 1@,
P(A) =P(E,) P(AEE)+ P(E) P(A[E) + ... + P(E) P(AE)
- P(E;)P(A|E))
il
fen o 2 % E,E,, ..., E iaee wufe s &1 o fasmsm 2 (Fam 13.4) 39ferm,
S=E, VEuwV..UE ..(1)

&R ENE=0Vizjij=12 ..,n
T 9 € T fRE wem A, % fou
A=AnNS E, E,
=An(E VE,...E) 34.@_%13_4

=(ANE)U(ANE)uU.UANE)
e EANE, SRANE, F99: T=F1 E, IR E. % S9age € &l i j,%
fere, ST & TERA Q2 ), ij=1,2...n % T A AE, 3 AE, ¥ sregaa F
By P(A) =P[(ANE)UANE)U...0U(ANE)]
=P(ANE)+P(ANE)+..+P(ANE)
G| P(A nE)=P(E) PAE) FifF P (E)=0Vi=12,.,n

Wihar % IOH FEY g0 8w 99 © 6
By P(A) =P(E,) P(A[E,) + P(E,) P(A[E,) + ... + P(E ) P(AE )
el P(A) = ' PEE;)P(A|E))

jl

fordt =afom 3w foior w1 %1 31 foamn 21 egaad @ # wifgewar
0.65 €1 TEATA A B ®1 9 T=AA eA 1 feurfaai | fmfor & < wwErEm gof
T 1 WAt HHT: 0.80 01 0.32 ¥ Foior %l & guargen ot €9 &t Wi
A Hifs

A e fa Fmio s & TEEr gof @9 &6 e # A 2R e B
FI %N HI B g Fefua frar < 81 89 P(A) 9@ T €1 BH T € R
P(B) = 0.65, P(8=d@ &l = P(B") = 1 — P(B) = 1 — 0.65 = 0.35

P(A | B) =0.32, P(A | B’) = 0.80

Fif T B iR B’ Tl wg= & faarem € gafan wyvl oifaesar 79 g/
=P(B) . P(A | B) + P(B') P(A | B)
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=0.65x0.32+0.35%x0.8
=0.208 +0.28 = 0.488

aa: oo s gEErgEr ot 29 %7 Wi 0.488 €
9 eH IS-YHA 1 Yhdd HUl 991 39 Tog w0

ST-UUT (Bayes' Theorem) acE, E, ..., E i e g S o wiaest gafie S
& farem &1 fmfor T & S19iq ELE, ..., E, I74: 3169 © 3N E UEU

..... W
E =S 3R A®E T8 e ¢ faws! mivwa =@ 2, @
P(EJA) = nP(E")P(A|Ef) ,i 1,2,3,..,n
P(E,)P(A|E))
j 1
& Wa ¢ fF
P(A E))
P(EJA) = — 7S
P(E;,)P(A[E))
- P(A) (Wfaehdl o TPH EH )
_ ”P(E,»)P(AIE,») (e P & frm )

P(E,)P(A[E )
il
o< THE & eryan ¥ Frefafad yseel & SwEn v #

A E,, E,, ... E_#1 Ifse g (hypotheses )H&d &1
P(E) &l Ti&eT E &1 el (a priori) WiHeha ®ad & wufaas wiaewa
P(E,A) %! UfeheTl E, & ST (a posteriori) Wil #&d &

o WA H] HRON R Wi 1 gA ot FE S @) #ifE B wfasst wEfie s
F TH fase 1 fo #w € sefan geret B 9 UF w H UE i e
T B Afed Bt © (SQE, 7 W had TF & He Hed! © iR UF § offuE W e
THd €) 21a: IR YA &Y Rl fau B (e1eiq U HR) @ Wi 3a € safe
T A 1 Hfed B T R

o w9 1 fafay wfifrfel o s €1 =W 9 9 %1 ffafea sceot §
e e T 2
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T gl 1R 11 feu €1 9 16 3 ol 31T 4 &t 18 € o9 faf 91 11
H 5 o T 6 wredt 1 € e gt ¥ ° Agmea 1w i e W € S fa
A O FT €1 38 9 H1 1 WG € R 9% i O 11 9 freee T €2
g 191 =9 B & E, W SR 89 119 W@ # B, A e Om ol fR
e U1 1 g Teher H1 921 &l A9 Frefya @ 2

GE P(E) =P(E,) = %

rer & P(A|E1)=P(ﬁé1ﬁ@wawﬁﬁ?ﬁww>=%

& P(A]EZ)ZP(%Hﬁ@WT’Tﬁﬁ?ﬁHﬂW)zﬁ

39 AR T 9§ g HEer ®1 yawar, 99 % 98 94 = % 98 aa o
F T = P(EJA), 7575 g

p—

5
3

P(E,A) = P(E,)P(A|E)) g

P(E,)P (A|E)+P(E,)P(A|E,) 1
2 7 2 11
1 erfa= fesa 1 11 eI fRu ww € <6l 9edss o« fages €1 fe=d 10
< foacs 99 & 7, ooy 1H < foads =14 &6 € o fesd 11 H T 9 3R T
<<t =1 foarT €1 T SAfa Argmed T fesdl 99 © ST SHH § Agesdl T T
frehrerar 21 Az foam §1 %1 €, 91 39 91 1 9 Wil © T fesd o o faeem
oFf WA w1 & 87

M & E, E, @R E, ®A: e [ 1131 111 % == & Fefia & @

qd P(El) =P(E2) = P(E3) = ;
oY A W A weA Frepren wan fgges 99 w1 2 ) gl 2
LEl P(A|E1)=P(1%@1@@ﬁa¢rmazmﬁwr3=1

2
P(AE,) =P(fesd 119 U =1 wh fiaent e = 0
1

P(A[E,) = P(fe=d 1119 &M =1 Tk ko) = 5
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o fesd ¥ o foge o 9 &1 8H F1 Wi

= frepren T wH 1 faE fe= 19 B0 &) wiawa
=P(E,|A)
o9 S9-THI g
P(E,)P(AE,)
P(E,)PA[E,)+P(E,)P(A[E,)+P(E;)P(A[E;)

P(E |A) =

1

Tyt
33 32

OF o fof T THeEE. T &1 favauEs frefaiag ger 9 e

»—aw‘__

2
3

F TE 2

TE. S, delifea eAfaaat o forn werm 90% 9 @ o S 10% A 7 oI
Y we ¥ TELAE AL ¥ wEas Al & faw ahiee, 99% e T e @ I T
.1 “ifea waran € St 1% Thfea safeqal o fon w=emdd. gsfifea sam €1 s
IE e, faEd 0.1% =t =R, e €, § 9 U At agssd 9 o 8
& =9 &1 The fea SN W tnfaae w=ed Al # sufterfa sam @1 e o
¢ for ow =afea aaa o wmemdl (deifaa) 22

A & B9 U e o 9 o T TEE. deiifed g St Hel 3 A <At
AR, T | geifed €9 %1 e ® @A €1 79 P(E|A) 919 R T
e B/ 9 T et o TE.eTE Al ursifed 7 € i WA i gwiar €
Trsead {E, B/} shgen o gt At < faset gafe %1 1 faaee 21 e 99 @

PE)=0.1% 1o; 0001
P(E’) = 1 — P (E) = 0.999
P(A|E) =P (= &1 wliern o weLemE ol disiifed <ol e @ v @ fo o7

qredd § T AR AL gisiited €)= 90% = % 0.9

3R P(A|E) =P (=afw %1 wemn o =g, deiifea <o o f g mn € fo
9 arE 4 TE.eE Al disiifed 98 8) = 1% =0.01
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o9 S9-THI g

P(E)P(A|E)
P(E)P(A|E)+P(E )P(A | E)

P(E|A) =

- 0.001 0.9 90 — 0,083 (<)
©0.001 0.9 0.999 0.01 1089

d: Teh Aol I U Al o e H TH.ARSL Isiifed 8 i Yiehdl St

foF 9@ & T Sue TaEE. e gsifea 7, 0.083 7
T Hiee 5H o HREH T 99 (F) A, B 3R C el ScaeT T HH:

25%, 35% BT 40% wiee AT €1 31 Tl S IR T HUT: 5, 4, 3 2 Hfavw
a1 W (Ffeyol) T el & Fel SR | U TF Ao Agssd ekt o € iR
I BF T W €1 THRT F WiEEA # fF e Siee B B g SR T 87

M fern f& ==t B, B, B, f=1 7&K 2:
BI:WWAWWW%
B, : dice HYM B g &R T €
B, : die WM C 5 a1 N ?

o § % w2l B, B, B, WER e i ufeqef ¥1 oW femn f% e B f=
TN 2: E diee T €l

e E, WedIs B, A B, A B, & wl Hfed e &1 faam

P(B,) = 25% = 0.25, P (B,) = 0.35 3T P(B,) = 0.40
o P(E|B,) = 92 = T B %1 Wikl s« & <o 1 7 = 7= B g0
fafifa &

= 5% =0.05
¥l W P(E[B,) = 0.04, P(E|B,) = 0.02
I9-T9 g0 &Y oW © R

P(B,)P(EB,)
P(B,)P(E[B,)+P(B,) P(E[B,)+P(B;) P (E+B;)

P(B,[E) =

0.35 0.04 0.0140 28
0.25 0.05 0.35 0.04 040 0.02 0.0345 69




WEeRal 571

T TR F TH WM 1 WA A 21 Tecl o o9al ¥ U8 94 €

SHeh A, 99, Thel a1 TRdl o aed U M F WiiEkand o %,%,%?ﬂé
%\’?Slﬁ‘ol%’é‘—l,wm%ogd{@%dl%?ﬁﬁamﬁ@@ﬁﬁuﬁaﬁﬁw:%%,mé
€, T ol o 9=A ¥ oF | 38 [ T €)1 AR 9% W AE, @ STk oA
Y M ! WaFd I hifau]

OF ST T ‘et & U o F&l < W AR’ H1 Hel E 81 9 St % o,
a9, Wt A fHEl o7 9% g0 T FT FeAs w9 T, T, T,, 3¢ T, 1,
3 1 1 2
P SP(T) SR P(T) S (= )
P(E|T1)=ﬁw¢éq§maﬁmﬁ@q§aﬁaﬁuﬁw=%

P(T) =

7l 9T, P(E|T,) = %,P(E|T3)= %,P(E|T4)=0,<‘=|Eﬁﬁ H 9 g0 &M W W
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(GTerh) B W TF THed o a1 1S9 Al o Thed deish 8 Hi Al
F 272

T FEH FA R B weiA ot €1 9 faawor § v =5em € 7 $a soa
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F 1 A T A A TH F 50% AN €, Bl T HT 30% 91 C Fa
T F1 20% @ €1 9(E Teh T it Scqifed € a1 39 AW Saanfed fwy
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P(X =8) =P({(2, 6), (3, 5), (4,4), (5, 3), (6,2)}) %

P(X =9)=P({(3, 6), (4,5), (5.4), (6,3)}) %

P(X =10) =P({(4, 6), (5, 5), (6,4)}) %
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©) iz id G’ \/ﬁ (d) O,I,O;g
}_;_[3l+5] 6kJ
70
@) x+ty—-z=2 (b) 2x+3y—-4z=1
(c) s-20)x+@B-1y+Q@2s+1)z=15
24 36 48 18 24
@ (2—92—92—9) ® %55
o (44 o (1300

(@) [F—(i-2k)]-(+j-k)=0; x+y-z=3

) [F=((+4j+6k)]-(i=2j+k)=0;x-2y+z+1=0
(a) Tog W@ &1 K o fagefi @ 90 9t 9 #1 9= o= 2
(by 2x+3y—-3z=5

2,5,—5 y=3 Tx—5y+4z-8=0

7-(385+68}'+31€)=153 X—z+2=0

.15
731
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2 . .
(a) cos’! (EJ (b) T ATH H daad 2|
(c) d< 299 H HH 2 (d) e § "9 2
(e) 45°
3 NBE
(a) 3 (b) 3
(c) 3 (d) 2
o f l E o
90 T 00 0
-10 R R A R N A
k=7 F=i4+2]43k+r(i+2]—-5k)
x+ty+tz=a+b+c 9
17 -13 17 23
0, —, — —,0,= _
(’2’ 2J [3 3) (1.=2.7)
7
Tx—8y+3z+25=0 p=10r§
y—-3z+6=0 x+2y—-3z-14=0
33x+45y+50z-41=0 13

F=i+2]+3k+h(=3i+5]+4k)

F=i+2j—4k+0(Q217+3]+6k) D
B

(0,4) R fIRaq Z=16
(4,0) T =FIdH Z=—12
_ 25

20 45
Tolo T HEE Z= 0

31
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(4,3) ™ Afeehad Z =18

(6, 0) X (0, 3) I e arell T&r T W feag gsft fagel ® gz =6.
(60, 0) T =dH Z = 300;

(120, 0) R (60, 30) F1 Toa™ @t W@ T | feem vt foge W atfusgan
Z = 600;

(0, 50) & (20, 40) =i Toe™ @t Targs = from @t foge W =man Z=100.
(0, 200) T &TErRdH Z = 400

7 1 g SAfehad A TET 2

<IfF *E gET &7 T T oW: Z F Afuekad e el 2

S0 o 2 @ e A v e & Wi fael o g

=Rs 160 .

hehl 1 SAferehan T = 30 T Wb 1 9 10 3T YT &l 2l
() 4 2f" %< e 12 fhehe Todl

(i) ATeRaH 9 = Rs 200

e o 9 Ufme aun diee & o Ufee; wifawan omw = Rs 73.50.

30 Ufthe A WRT o U™ 991 20 Uk B WeRT 1 UHl o a1 SAfeRdd g
=Rs 410

4 U WY 3T 4 1S ] THRT; SAfehad @19 = Rs 32

ATHR o 8§ a fag a1 B 4FR & 20 Ha fag; oifusas w9
= Rs 160.

200 S¥HT °h A9 q 50 dead AHA; AfHERdH @9 = Rs 1150000.

Z = 4x + 6y Tl JATHHIOT HIFAT SoF 3x + 6y = 80, 4x + 3y = 100, x = 0 X
y 20, & x 3R y FET: 959 F, 3 F, F1 THEA Bl S0 §; FT9H g
=Rs 104

A F, % 100 kg AR IAER F, 3 80 kg; =FTH Hed = Rs 1000

(D)
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40 Uz AP 2R 15 e Hisa Q o; faaifim A =7 etfisham @Em = 285
T

PUFR & 3 9l 2R Q UhR o 6 &cl; THHW F1 =Ha" o = Rs 1950
o0 T FaH T Rs 112 (959 X &l 2 kg T A Y 6T 4 kg).

TqH AUl o 40 Tehe qen Tram 9vfl & 160 feshe; SAfihan o9 =Rs 136000.
A¥ ;10,50 340 TR BE : 50, 0 37X 0 T HT: D, E I F sl 9sft STt
€ 991 a9 ged = Rs 510

A 1500, 3000 3f¥ 3500 w2 B ¥: 4000, 0 31X 0 wffed de1 sE9: D, E 3K F i
i ST € 9 =FaH o = Rs 4400

PUFHR < 40 & 2T Q WK o 100 Siet; gIe 1 —FAaq A6 = 470 kg.
PUFN & 140 91 3T Q WHN <6 50 &l Te2o i Afeehas H=1 = 595 kg.
A THR HT 800 TfEAT 3 B UHR T 400 TfEAT, eifeshad o = Rs 16000

16

P EF 2p FE - PAB —

3 3 25
() 0.32 (i) 0.64 (i) 0.98
11
26
4 4 2
0 - (i) (i)
- .3 .. 6
0 (i) (i) =
G 1 ) 0
1 1 1ot
N | Lo 12 L0301
M 53 (i) 5.3 i) .



3
25

A B T a2

ST 625

L1 5
(i1) 3 9
0 C D
25 44
102 91

A B TER @as T2 2

E 3N F W& @4y 12l 2

A
T

i) 0.12
3

8
i) 0.18

7

8

21
() 3G 5
D

1
@) p 5
(i) 0.58 @) 0.3 (iv) 0.4

A 3R B WO 6T T8l 2l

i) 0.12 (i) 0.72 (iv) 0.8

1620 40
(i) g7 ) 57 » i) 5
- Lol
(i) (i) @ 5. 0) 3. 5
B
2 ) 12
3 13 13
4 1 1
9 52 4
L] 5 1
11 34 50

@
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(ii), (iii) R (iv) X=0,1,2; e X=6.4.2.0
Of X] o] 1] 2

y] L] L[ L

(X) 4 2 4
| X[ ol 1 2| 3

sl L] 3| 3] L

(X) 8 8 8 8
(i) X 0 1 2 3 4

el | L] 31| L

(X) 16 4 8 4 16
Of x] o 1] 2

eyl 2| 2| L

(X) 9 9 9
(1) X 0 1

P(X é E

(X) 36 36

X 0 1 2 3 4

o 256| 256 96 16 1

(X) 625 625| 625| 625 625

X 1 2

el 2| & L

(X) 16 16| 16
) 1 . 3 17
) k=— i) P(X 3) — i) P(X>6)=—
() k= (@ PX 3) = (i) PX>6)=r-

(iv) P(0<X<3)=%
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(a) k=% (b) P(X<2)=%,P(XS2)=1,P(X22)=%

1 14
1.5 g ?
Var(X) =5.833, S.D =2.415
X 14 15 16 17 18 19 20 21
2 1 2 3 1 2 3 1
POl Gl 5| 5| 5| 5| 15| 5] 15

e = 17.53, Var(X) = 4.78 3T S.D(X) = 2.19

E(X) = 0.7 &1 Var (X) = 0.21 B D
3 1 63

@ 35 S (i) 7

25 29\(19Y

216 20 /1 20

N 45 243

O T2z 31 () 1022

() (0.95) (i) (0.95)* x 1.2 Gii) 1-(0.95) x 1.2
(iv) 1—(0.95)

9 4 1 20

m (EJ [20C,, +2°C,; +...+ 2°Cyy |

A

243

L% oL " 149 99 ¥

(2) 100 ® 5 100 © 700 100
75" 3 5° 29’

12 6 18 6 10"

C A
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i 1 (i) 0

L1 Lo L

(1) 3 (i) 2

20 10

— 1 °C (0.9)(0.1)"

21 r 7 ’

. (gf ) 7(3)“ 1_(gjﬁ 864
O \5) @ 7A5) 5 V) 3125
5 625

2x6° 23328 7
2(2)4 .y il
91\3 "= 54
128 14 3
155715 29 16

) 0.5 i) 0.05 16

(1 0. (@) O. 3l

A C B



iwd 1 KB | kexh

vk k 7
7.6.3.

ge vpj AviSBbl idk pagrsg8sfid

Al —(ax” +bx+c¢) |+B
dx

AQ2ax+b) +B
niglai { keeax oQxghd lav B v pj inledhrgukdjusij] geai Br glskgS
2aA = pviSAb+B =g

bul etdj.hadlsgy djusij] Av S BoQelu ilir glst ksgBbl idK] | eldy fukl
eai fjofrZ glst kkgS

AJ(Zax+b)\/ax2+bx+cdx+Bj ax® +bx + cdx

AL+ BIL] t gk

: j(2ax+b)«/ax2+bx+cdxgs

ax*+bx+c=tjf[k Arc] Qax +b)dx=dr g8

px+q

I

2 3
E(ax2 +bx+c¢)*+C,

V% 1

bl hidk] 1, j\/ax2+bx+cdx

B~ itrd o&i"B 328 ij 7-6-2 eappkid, x, leky | wdkizk djo@Kk fd;k
t kkg8



630 xf. k

bl idk] J.(px+q)\/ax2+bx+cdx dkeki var%Kk dj fy;kt kkg8

fx l+x—x> dcKk dHt, A

mj n' K xbZfof/ viuksgqg] ge fy[ ksg8
d
- Al—(l+x-x") |+B
=A(H2x)+B
nkelai {keeh x oQxqkd lav BB v pj inkd Iscjlcj djusij] geatBA=1vIBA+B=0ilr
glsk g8

1 1
bu | eldj.kadlsgy djusij] ge A = —5 v IS BZEiHr djrsg8bl idk]

| eldy fuBI esijlofrZ glst kkgS

1 1
[iex—2ax = = a-2001+x—xdr e [Vl +x-Pdx
1.1
= _EI'+EIZ 1)
I = I(l—2x)\/1+x—x2dx ij fopk dHt,A

1 +x B&=¢jf[k Arc, (1 fx)dx =dtg8a
L 2 3
bl idk] I, = I(I—Zx)-\ll—i-x—xzdx = J.tzdt=§t2+Cl

3

o) 3
=§(1+x—x2)2+C],thCldle/ pj g8

Vi I = I\/1+x—x2 dx ij fopk dHt, A
5 N’
N

1
X_E:t jflk Arc] dx=dtg8

v % I = L’{g\ —dt



ijd i 1B | lexh

_ i(Zx D1 x—x? +§sin‘l(2x_lj +G,

t gkC,d bz pj g8
(1) ed, vISL oQek [ kusij] geaidr glekgS

3
I l+x—x*dx = —%(1+x—x2)2+%(2x—1)\/1+x—x2

&

C+C,
C= —T,d vy vpj g8

i zuloy h7.7 0Qv & ep fubufy f[k i zu | fEefyr d Ht |

12, xafx+x2 130 (x+ 2x" +3 14, (x+3W3-dx —x’

mK

3 ' 2
12. %(x2 + x)? —MTXH ! log|x+%+\/x2+x|+c

+—
16
x+1’x2+§
2

7 . l(x+2j o+ 23— dx— »*
+ 5 +C

1 3
~—(3-4x—x")? +=—sin
14. 3( ) 5 N

3
2 2
13, %(2x2+3)2+§\/2x2+3+%10g +C




632 xf. ke

vk 10

10.7 v fn'kf4d xqkui @
el yHt, fd Zz,gvlﬁédleth Ifn‘kgSszIB(];xE) o0Qv fn' k xgwi Q] v R~
G-(bx¢) dled,bviBcdkbl ho® eav fn’kfdd xqkuii @ dgrsg8bl §d.6, &1k
[Gbc])}KkQDr fd;kt kkg8bl idK] geaillr gS
(b, cl=a-(bxé)
i gk k
1. Dikd (hxZ),d |fn'k gB blfy, *7.7
G-(bxZ),d vinkiKkkgB AL d.b . ¢] ] .
,d vinkjK kg8
2. T Herh :i IBvinkfdd xqui@ dk fo
ol rhul i kegbviBel sisb @ vew 7 o
Hgk lal scus| el "WA@d dk vkru ,.l . II : f
glek gS(nf k v loGr 10-28) A .a"-f"f J._;.r”
ful ag] | elej "Wr@d oQv K § dlscukus’ ¢
olysl el proZ dk (Q |pxec| g8 viodr 10.28
bVvISc dlsvafoA/djusolysry ij viHya oQv utn’ kjigk ghbl d hnplbZgh
) |a. b x2)
tieph X ¢dhfn kkeag dkRd g8v Az~ g WQSV r% | elaj "WQd

L
E =

dkvkru
|Zz.(l;><5)||]; :

B re— Xc —_ 7 o 7

62 = [a.@x2)|
3. fna =allj+a2}+ a3kj, E=bllj+ b2_1J+ b31fJ v KB E=clzj+c2}+c3k{ gBris

1
A
b b b

Syl

X

o
|
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(b.c, Bc) M+ (be, Be) J + e, Be) B

rBAk bl Hy,
Zi,([; xc) = a,(by, *@362)-? a, (b3c1 %103)4'“3 e ﬁ5261)
— b b, b,

fn GhvBEdbzZitu | fnk gBris

(rhulal fn’ keoQpo@ oRp; | svin'kfdd xgi Q@ o&el ead IbZ fjord ughaglek
98

el yft, fd 5=allj+a2}+a3kj, 5=bllj+ szj+b3kJ r Fik E=cllj+c2}3kJ g8
rc] o®y nfkdj ghH geaikr glkkgS

aq a, a,
e b b, b
lab,cl =" =2 7
G C G

= al (bZCS *iibfﬁcZ) + a2 (bSCl *ﬁblcfa) + a3 (bICQ @261)
= bl (aSCZ &203) + b2 (alc3 *iia,?Cl) + b3 (aZCl *ﬁaICZ)

bl bz b3
_ |G & 6

a4 a4 a;
=[b,¢,dl

bl hidk] i®Bd bl dhtip dj | drsgsfd [d,b, ¢l =[¢c.d,b] g8



634 xf. ke

vinkfdd xgwi @ Zz_(l;xE) el MR/ (dot) v IS o@®N (cross) disijlij cnykt k
| drkg8&ful ag]

[d,d,b]=0. ful ag]

[4,a,b] = [d,b,d,]

(D Gxa=0)

I
SN
ol
Il
o

m; B 7 el fn; kifj.ke] nlelacjlcj | fn’ kaoQfLFr; kkoQfd | h Hh o@ eagles
ij Hh1 B g&

rhu Ifn’kzi,l;vIBEIeryh glesg®; fn vIiS o8y ; fn ZI-(EXE):O glskg8
| ozBe] eki yHt, fd G, VIBE | eryh g8

(in b VIBG I el | inkgBrish xg =0 9IS bl Hy, G-(bxZ)=0 gk



ijpd i KBy | lkexh 635

;i p VISC | el ugtagBrisp x &l kg ijya geR D G.p VISC | eryh g8
V% G- (bxZ)=098

foyler% elu y Ht , fd a.(gxg):o g8;fn g vlﬁgxg ed snialg’ Ky sj | fn' kg®
risge fu'd "Wfud ly rsg&fd g vlﬁ[; x ¢ Nisy kcd | fn’kgSijaq[;xE niglal fn’ Ra[;

VIBZij ya gB8vr% d] b VIBC ,d | ery esflAr glespkg, ] v A~ sl eryh

98;fn g=0gBris g fd ghaHh nisl fn’ K fo’ kk: i | sl; vIB ¢l o8l eryh glglA; fn
(EXE):()QBHGZ; VIBG | el | fnkglasrBkbl Hy, g, Z;VKSE | eryh g}

D id dibzHhnlsl fn kl n8 ,d | ery esglssg®t lsmul sfu/ g r glskgBrAkd iba fn' K
t lsbu niglal fn’ keeal sfdl h,d | elgj glskgBHh bl hl ery eaflFt glskg8

pk fcagladhl eryhrkdhpprtu |l fnkadhl eryhrkdkizk djrsgq]
dht kl drhg&full ag] pk fcagA, B, Cv IBDI eryh glgB; fn | fn’k_A_B,A—C Vv lﬁ_AT)
leryh gla

G.(hx&) Ke dtt ] fna=21+ 138 b4+ 2+ k vise =31+ 7424 o8

2 1 3
geai Rr gs Zi(b XE): -1 2 1 :mo
3 1

NKE fd | fnk G=7— 29130 b=k 3/ 4R vige=T 375

|l eryh g8
1 2 3
geai Rr gS ﬁ(b XE): -2 2 —41=0.
1 -3 5

vighies 1oQvubk G bvKscleryh |inkgs

i fnka=7 13748 b=od—d _Rvise=ad+7i+38 1 eryh gBris
Adkelu Kt dHt, A



636 xf. k

D kd G,bv IBC ! eryh gBbl fy, [@.b.¢]=0,

1 3 1
v P} 2 -1 -1=o0.
A7 3

= 1B+ OG+MN)+1(14+0)=0
= A=0.

nHE, fd fLRkr | b Al + 5T+ B — (P A, 3ot af v is a4 B
oly so@’ ReplklsfcagA, B, CviSD | eryh g8

ge t kirsg&d pk fcegA, B, Cv BDI eryh glesyB; fnriuild fi KAB,AC v K5 AD
| eryh glesg®

v [ABACAD]-0 g
vel  AB=HE/+ A EE4 + 5 D=6 27
AC= 3 +ofvatygiad « 5/ =g a o 3d

rFk  AD= 4(—zj+]J+kj)7fi£4zj+5f+kj)=ﬁﬁzj—}+3kj

4 6 2
bl idK] [@A—CE} -1 4 3|=0.
-8 -1 3

vrd A,B,CvigDIleryh g8
fl . dHt, fd [a +5,5+5,5+5]=2[5,I3,5]

gesi &r gS

[a+b.bveera] = (a+b).(b+)x@+a)

(G+b).(bxC+bXG+CXE+Cxa)



ijpd i KBy | lkexh 637

= (G+b).(bxC+bxa+cxd)
(D ¢xé=0 g8

—a.(bxc)+a.(bxa)+a.cxa)+b.(bxc)+bh.(bxa)+b.(Cxa)

ges Bkr ¢S
[@.b,é+d] = a.(bx@+d)
= G.(bxi+bxd)
= G.(bx&)+ad.(bxd)
= [a.b.c]+[ab.d]
(i a= 30 b= 2MB 7+ By ke =37+ A g]srls[ddﬂ fedtt, A

(mk 24)
NE fd I fiki=f—2 73R h=— 2843/ afv ge=F-37+5f 1 eryh o8
; fn Ifn’sz—JJ+kJ,3zJ+]J+2kaws lj+?\.]J—3kJ leryhh gBrishdkel Kk
dHt, A (mk A=15)
el yHt, fd Zz:il+jl+lg,B=lJv BC=c zj+c2jl+c3kjgﬁr<:]

(2);fne,=1viBe,=2 gBriec, Kk dHt,1ft11sd,bv ke |eryh ghtk A

(mK c,=2)
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xf. k

(b);tnc, =M visc,=1gBrien i, fd ¢ dkdkzZHhek g by IBcdles
| eryh ughacuk | drkg8

nKE, fd LAt | ke 4d 4 87+ 128 28 47 16k 3457+ 4R v st 8t s
oly spklafcagl eryh g8

;fn pk fcagA(3,2,1), B(4,x,5),C(4,2, ﬁi)v IﬁD(6,5,ﬁi)I eryh gBrisx
dkek Kk dHt , A (mkx=95)

: fn 5+l;,5+5vlﬁ5+5 | eryh gBrien’ kg, fd Ifn’k[j’gv }ﬁaleryh
o] 3:)



