Mechanical Properties of Solid & Fluids

Subjective Problem

QL

A column of mercury of 10 cm length is contained in the middle of a narrow horizontal 1 m long
tube which is closed at both the ends. Both the halves of the tube contain air at a pressure of 76

cm of mercury. By what distance will the column of mercury be displaced if the tube is held
vertically? (IIT JEE1978 — 4 Marks)

Q2

A point mass m is suspended at the end of a mass less wire of length 1 and cross section A. If Y
is the Young’s modulus for the wire, obtain the frequency of oscillation for the simple harmonic
motion along the vertical line. (IIT JEE 1978 — 4 Marks)

Q3.

A cube of wood supporting 200 gm mass just floats in water. When the mass is removed. The
cube ruses by

2 cm. What is the size of the cube? (IIT JEE 1978 — 4 Marks)

Q4

A beaker containing water is placed on the pan of balance which shows a reading of M gms. A
lump of sugar of mass m gms and volumeVcc. Is now suspended by a thread in such a way that it
is completely immersed in water without touching the beaker and without any overflow of water.
What will be the reading of the balance just when the lump of sugar is immersed ? How will the
reading change as the time passes on?

(IIT JEE 1978 — 4 Marks)

Q5.

A boat floating in a water tank is carrying a number of large stones. If the stones are unloaded
into water, what will happen to the water level ? (IIT JEE 1979 — 4 Marks)

Q6.

Two identical cylindrical vessels with their bases at the same level each contain a liquid of
density p (tho). The height of the liquid in one vessel is h; and in other is h,. The area of either
base is A. What is the work done by gravity in equalizing the levels when the tow vessels are
connected? (IIT JEE 1981 - 4 Marks)



Q7.

A wooden plank of length 1 m and uniform cross-section is hinged
at one end to the botto of a tank as shown in fig The tank is filled
with water upto a height 0.5 m. The specific gravity of the plank is
0.5. Find the angle 6 that the plank makes with the in the
equilibrium position. (Exclude the case 6 = 0°)

(IIT JEE 1984 — 8 Marks)

08

A ball of density d is dropped on to a horizontal solid surface. It bounces elastically from the
surface and returns to its original position in a time t; . Next, the ball is released and it falls
through the same height before striking the surface of a liquid of density of d;.

(IIT JEE 1992 — 8 Marks)

If d <d_, obtain an expression (in terms of d, t; and d;) for the time t; the ball takes come back to
the position from which it was released.

Is the motion of the ball simple harmonic ?

If d = di, how does the speed of the ball depend on its depth inside the liquid ? Neglect all
frictional and other dissipative forces. Assume the depth of the liquid to be large.

009.

A container of large uniform cross-sectional area A resting on
a horizontal surface, holds two immiscible, non- viscous and
incompressible liquids of densities d and 2d, each of height
H/2 as shown in the figure. The lower density liquid is open to

the atmosphere having pressure Py

€—X—>
(IIT JEE 1995 -5 + 5 Marks)

A homogeneous solid cylinder of length L(L < H /2), cross-sectional area A /5 is immersed such
that it floats with its axis vertical at the liquid L / 4 in the denser liquid. Determine.

The density D of the solid and

The total pressure at the bottom of the container.



The cylinder is removed and the original arrangement is restored. A tiny hole of area s(s <<A) is
punched on the vertical side of the container at a height h (h < H/2). Determine :

The initial speed of efflux of the liquid at the hole, \
the horizontal distance x travelled by the liquid initially, and

the height h,, at which the hole should be punched so that the liquid travels the maximum
distance xp, initially. Also calculate xy,

(Neglect the air resistance in these calculations.)

Q10.

A large open top container of negligible mass and uniform cross-sectional area A has small holes
of cross-sectional area A / 100 in its side wall near the bottom. The container is kept on a
smooth horizontal floor and contains a liquid of density. P and mass mg. Assuming that the liquid
starts flowing out horizontally through the hole at t = 0, Calculate

(IIT JEE 1997 C -5 Marks)

(1) the acceleration of the container, and

(i1) its velocity when 75% of the liquid has drained out.

Q11

A non-viscous liquid of constant density 1000 kg /m’
flows in a streamline motion along a tube of variable
cross section. The tube is kept inclined in the vertical
plane as shown in Figure. The area of cross section of
the tube two points P and Q at height of 2 metres and 5 P
metres are respectively 4 x 10° m* and 8 x 10~ m” The '
velocity of the liquid at point P is 1 m/s. Find the work

2m
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done per unit volume by the pressure and the gravity forces as the fluid flows from point P to Q
(IIT JEE -1997 — 5§ Marks)

Q12

A wooden stick of length L, radius R and density p has a small metal piece of mass m (of
negligible volume ) attached to its one end. Find the minimum value for the mass m (in terms of
given parameters) that would make the stick float vertically in equilibrium in liquid of density ¢

e p). (IIT JEE 1999 — 10 Marks)



Q13

A uniform solid cylinder of density 0.8 g / cm’ floats in equilibrium
in a combination of two non-mixing liquids A and B with its axis
vertical. The densities of the liquids A and B with its axis vertical.
The densities of the liquids A and B are 0.7 g/cm® and 1.2 g/cm’,
respectively. The height of liquid A is hy = 1.2 cm. The length of the
part of the cylinder immersed in liquid B

ishg = 0.8 cm.

Find the total force exerted by liquid A on the cylinder.

Find h, the length of the park of the cylinder in air.

The cylinder is depressed in such a way that its top surface is just below the upper surface of
liquid A and is then released. Find the acceleration of the cylinder immediately after it is
released. (IIT JEE 2002 — 5 Marks)

Ql4

A bubble having surface tension T and radius R is formed
on a ring radius v as shown. The air molecule collies
perpendicularly with the wall of the bubble and stops. , ————p 0
Calculate the radius at which the bubble separates from the — i
ring.

(IIT JEE 2003 — 4 Marks)
«— D—

Q1S

Shown in the figure is a container whose top and bottom
diameters are D and d respectively. At the bottom of the g
container. there is a capillary tube of outer radius b and inner
radius a.

The volume flow rate in the capillary is Q. If the capillary is A
removed the liquid comes out with a velocity of vo. The “d—>
density of the liquid is given as p. Calculate the coefficient of viscosity n.

(IT JEE 2003 — 4 Marks)




Q16

A tube has two area of cross- sections as
shown in figure. The diameters of the tube are
8 mm and 2 mm. Find range of water falling on

horizontal surface, if piston is moving with a
constant velocity of 0.25 m/s, h =125 m (g =
10 m/s*)

(IIT JEE 2004 — 2 Marks)

Q17

A uniform wire having mass per unit length 7 is placed over a
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liquid surface. The wire causes the liquid to depress by y (y
<< a) as shown in figure. Find surface tension of liquid
Neglect end effect.

Q18

A U tube is rotated about one of it’s limbs with an angular velocity ». Find
the difference in height H of the liquid (density p) level, where diameter of
the tube d << L

(IIT JEE 2005 — 2 marks)



Mechanical Properties of Solids & Fluids - Solutions

Subjective Problems

Sol 1.

M is the mid-point of tube AB.
At equilibrium
p1xA+mg=p:xA
p1xA+10xAxdyg=p2xA
= p1+ 10dugx g = p2

For air present in column AP
px45xA=p1x(45+x)xA
=>p1=45/45+xx76dugxg
For air present in column QB
px45xA=p,x(45-x)xA
=>p2=45/45-x Xx76dygx g

From (i), (ii) and (iii)
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(iii)

45x76 Xdugg / 45+ X+ 10dugxg=45/45-xx76 XdugX g

=>45x76 /45+x+10=45x76 /45-x

x = 2.95cm.

Sol 2.

From fig. (b), due to equilibrium

T=mg (i)
But Y=T/A/¢/L
=>T=YAZ/L

From (i) and (ii)

mg=YA{/L

(iif)

r~—

Fig. [a) Fie. (b) . Fig.{c)



From fig. (c)

Restoring force
=-[T-mg]=-[YA({+x)/L-YAZ /L] [from (iii}]
=-YAx /L

On comparing this equation with F = - mw?2x, we get
mw?=YA/L
S>w=vYA/mL=2n/T=vVYA/mL
Frequencyf=1/T=1/2nvYA/mL

Sol 3.

Let the edge of cube be £. When mass is on the cuhe of wood
200 g + #3dwood g = #3dwaterg

= 3dwood = F3dwater — 200 - (@)

When the mass is removed

3dwood = (£ - 2) £2dwater ... (i)

From (i) and (ii)

3dwater - 200 = (£- 2) L2dwater

But dwater = 1

3 -200=42(f-2)

={= 10cm

Sol 4. When the lump of suger is just immersed

T=Mg-B

(For equilibrium of lump of sugar)

The reading on the pan balance

=Mg+Vdwg

Where V = Volume of lump of sugar ' :




dw = density of water

When the lump is half dissolved,

The reading on the pan balance=Mg+v /2dsg+V /2dug
When ds = density of sugar

Since ds>d.

-~ the reading will increase.

Thus, we can conclude that as the time passes the reading will keep increasing.

Sol 5.

When the stones were in the boat, the weight of stones were balanced by the buoyant force.
Vsds=Vede

V¢, Vs = volue of liquid and stone respectively

Ve, Vs = density of liquid and stone respectively

Since, ds>d, = Vi< Vg

Therefore when stones are put in water, the level of water falls.

Sol 6.

P.E. of liquid in cylinder 1
Ui=(m)ghi/2=(pxAxh;)ghi /2 =pAgh? /2
Note :

[The total mass can be supposed to be concentrated at the center of the filled part which will be at
height hy / 2]

Similarly P.E. of liquid in cylinder 2 U,= pAgh?, / 2
-~ Total P.E. initially U = U1 + Uz (h2; + h%)
After the equalising of levels.

P.E. of liquid in cylinder 1 U1 = mgh /2 = pAg / 2 h2
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P.E. of liquid in cylinder 2 U’ =mgh / 2 = pAg / 2 h?
-~ Total P.E. finally U'=U,"+ Uy = pAgh?
The change in P.E.

AU=U-U =pAg[h?; /2 +h% /2 -h?]

Total volume remains the same.

Ah; + Ah; = Ah + Ah

>h=hi+hy/2

Therefore,
AU=pAg[h?1 /2+h2; /2- (hi+hz/2)?]

= pAg /4 (h1 - hy)?

This change in P.E. is the work done by gravity

Sol 7. (a) For equilibrium Fyee = 0 and Tyee = 0

Taking moment about O

mgx¥/2singb=Fr({-x/2)sin6 . (0)

Also Fr = wt. of fluid displaced = [(£ - x)]| xpw g (i)

Andm = (£ A) 0.5 py ... (iii) A L 0.Am — =
NIV s -Sahe Yi Eglwieny

Where A is the area of cross section of the rod ' vl gharc Fyvgliecafiucgl

From (i), (ii) and (iii) (4

(A O0S5pugxt/2sin8=[({-)Alpugx(£-x/2)sinb
Here, £ =1m~ (1-x)2=05=2>x=0293m

From the diagramcos 86 =05/1-x=05 /0707 = 6 = 45°



Sol 8.

(@) Let the ball be dropped from a height h. During fall ) : T : A
b
V=ut+at=0+gt1 /2=t =2v/g :
l.
In the second case the ball is made to fall through the same height : t
and then the ball strikes the surface of liquid of density d.. When :
the ball reaches inside the liquid, it is under the influence of two :
force (i) Vdg, the weight of ball in downward direction (ii) Vdig, = /==~ __:_&'_ -
the upthrust in upward direction. Suiuiainieleteielnie
oo Avde-
Note : a= ?;h__,__':. r————
The viscous forces are absent (given) SR LN Matuiniel. Sicieisie
S Vdegtd
Since, dy.>d '—“"l'-,;-‘-{..
The upward force is greater and the ball starts retarding. v= ) Inhuhpiule il ivies

For motion B to C

v=utat=0=v+(-a)t

=>t=v/a

Now,a =Fuet /m=Vdg-Vdg /Vd=(d.-d)g/d
>t=vd/(d-d)g .. (iii)
Therefore,

t,=ti1+2t=t+ 2dv/(di-d) g
=t1+2d/(d-d)gtig/2=t:[1+d/d.-d]
Sth=dity/du-d

(b) Since the retardation is not proportional to displacement, the motion of the ball is not simple
harmonic

(©) If d = dy. then the retardation a = 0. Since the ball strikes the water surface with some velocity,
it will continue with the same velocity in downward direction (until it is interrupted by some other
force).



Sol 9.

@ O

Since the cylinder is in equilibrium in the liquid therefore Weight

of cylinder = upthrust

mg = Fr, + Fr,where

Fr andFr, = upthrust due to lower and upper liquid respectively

A/5xLxDxg=A/5xL/4x2dxg+A/5x3L/4xdxg

>D=2d/4+3d/4=5d/4

o e —— e —— W . — -

(ii) Total pressure at the bottom of the cylinder = Atmospheric pressure + Pressure due to liquid of
density d + Pressure due to liquid of density 2d + Pressure due to cylinder [Weight /Area]

P=Py+H/2dg+H/2x2dxg+A/5xLxDxg/A
P=Py+(BH/2+L/4)dg [~D=5d/4]
(b)

Applying Bernoulli's theorem
Po+[H/2xdxg+ (H/2-h)2dxg]
=Po+ % (2d)v?

>v=V(3H-4h)/4g

Horizontal Distance x

Ug=v;t=t; x=vt (D)
For vertical motion of liquid falling from hole
uy,=0,Sy=h,a,=g,t, =t

S=ut+ % at?

>h=%g2=>t=v2h/g .. (ii)

From (i) and (ii)

x = vy xV2h /g = (3H- 4H) g/2 x2h/g

N

Reference

level for PE




=+/(3H - 4h)h ...(iiD)

For finding the value of h for which x is maximum, we differentiate equation (iii) w.r.t. t

dx /dt =% [ 3 H-4h)h]2/2 {3H - 8h}

Putting dx/ dt = O for finding values h for maxima /minima
¥% [ (3H-4h)]1/2[3H-8h]=0

=>h=3H/8

~xm=v[3H -4 (3H/8)] 3H/8

=+v12H /8x3H/8=6H/8=3H/ 4

Sol 10.

(i) Let at any instant of time during the flow, the height of liquid
in the container is x.

The velocity of flow of liquid through small hole in the orifice by
Toricelli’s theorem is

()

The mass of liquid flowing per second through the orifice

v=\/2gx

= p x volume of liquid flowing per second

Dm/dt=pxV2gxkxA/ 100 ..(ii)

T

X

—_———— e — e —

I I
- e wr mmw
e R R e w e

Therefore, the rate of change of momentum of the system in forward direction

=dm/dtxv=Z2gxxAxp /100

(Alternatively you may use F = pav?)

The rate of change of momentum of the system in the backward direction

= Force on backward direction = m x a

(from (i) and (ii))

Where m is mass of liquid in the container at the instant t m = volume x density = Axxxp

. The rate of change of momentum of the system in the backward direction

Axpxa
By conservation of linear momentum

Axpxa=1Z2gxAp /100 =a=g/50



(ii) By Toricelli's theorem

v' =+/2gx(0.25h)

Where h is the initial height of the liquid in the container. my. the initial mass is
mo=Ahxp=h=mo/Ap

v = \/ng 0.25xmo fAp = \/gmo / 2Ap

Sol 11.

Given that

p=1000 kg/m3, h; =2m,h,=5m

A1=4x103m? A, =8x103m2,vi=1m/s
Equation of continuity
Aivi=Avyvy=A1vi/A,=05m/s

According to Bernoulli’'s theorem,

(p1-p1) = pg (h2-h1) - % p (vZ2) - v

Where (p1 - pz) = work done /vol. [by the pressure |
pg (hz - h1) = work don/vol. [by gravity forces]
Now, work done / vol. by gravity forces
=pg(h2-h1))=103x9.8x3 =29.4x103]/m3

And Yo p (v -v2 ) =%x103[1/4-1]=-3/8x103]/m3
=-0.375x103]/m3

- Work done / vol. by pressure

=294x103-0.375x103] /m3=29.025x103j/m3

Sol 12.

Note :

For the wooden stick-mass system to be in stable equilibrium the
center of gravity of stick-mass system should be lower than the




center of buoyancy. Also in equilibrium the centre of gravity (N) and the centre of buoyancy (B) lie
on the same vertical axis.

The above condition 1 will be satisfied if the mass is towards the lower side of the stick as shown in
the figure The two forces will create a torque which will bring the stick-mass system in the vertical
position of the stable equilibrium.

Let £ be the length of the stick immersed in the liquid.
ThenOB=+¢/2

For vertical equilibrium

Fe=Fg= (M+m)g=Fg
>nmR2Lpg+mg=nR2fog

£ =7R2Lp + m / mR2¢ (1D

Let the distance of the center of mass N of the (rod + mass) system from the origin O be ON = y.
Then

y=Myi+my,/M+m

Since mass m is at O, the origin, therefore y, = 0
Asy=M{L/2)+mx0/M+m=ML/2(M+m)
=(mR2Lp)L/2(mR2Lp+ m) - (2)
Therefore for stable equilibrium

£/2>y

~mRZLp+m / 2(mR2L o) > (mR2Lp) L / 2 (m R2Lp + m)
s>mz=nR2L Vpo-p)

~ Minimum value of m is T Rz L (Vpo - p)

Sol 13.

() As the pressure exerted by liquid A on the cylinder is radial and symmetric, the force due to this
pressure cancels out and the net value is zero .

(b) For equilibrium, Buoyant force = weight of the body
= hapa Ag + hgps Ag = (ha+ h + hg) A pcg

(wherepc = density of cylinder )



h = (hapa+hsps/ pc) - (ha+hg) =0.25 cm

(©)a = Fpuoyant - Mg / M

= [hapa + ps (h + hg) = (h + ha + hg) pc / pc (h + ha +ho)]g
=g/ 6 upwards

Sol 14.

When the force due to excess pressure in the bubble equals the force of air striking at the bubble,
the bubble will detach from the ring.

S pAVZ=AT /RxA=>R=4T / pv?

Sol 15.

When the tube is not there, using Bernaoulli's theorem
P+Po+1/2pv2+pgH=1%pvZ 4+ Py

=P+ pgH =% p (V2 - v2y)

But according to equation of continuity

Yi=Azvo/ Ay

~ P+pgH="%p[v? - (Az/ A1 vo)?]

P+ pgH =% pv2 [1- (A2 / A1)?]

Here, P + pgH =AP

According to Poisseuille’s equation

Q =m(AP)at / 8yl = 1y = w(AP)at / 8Q7¢
~n=mP+pgH)at/8Qf=m/8Qfx¥% pvZ [1- (A2 / A1)?] x a*
Where A, / A1 =d? / D2

H=m /8Qlx % pv% [1-d*/ D4 xa*

Sol 16.

From law of continuity 1 e 2 - _
4". l ",
Aivi=Av,Given Ay =mx (4x103m)2, A, =mx (1 b ™,

x 10-3m)2




vi=0.25m/s

AV =mx (4x103)2x0.25 /mx (1x103)2
Alsooh=1/2g2=>t=v2h/g
Horizontalrangex=v2\/2h/g=4X\/2x1.25/10= Zm

Sol 17.

The free body diagram of wire is given helow. If £ is
the length of wire, then for equilibrium 2E sin 68 = W.

F=Sx¢

or,28x¥fxsinB=Axfxg

or,S=2Ag / 2sin 0

~S=Ag/2y/fa=aig/2y [vsinB=y/a]

Sol 18

Weight of liquid of height H

=nd?2/4xHxpxg (D)

Let us consider a mass dm situated at a distance x from A as
shown in the figure. The centripetal force required for the mass
to rotate = (dm) xw?

- The total centripetal force required for the mass of length L
to rotate

= f;(dm) xw? where dm = pxmd? / 4 x dx
-~ Total centripetal force

L d?
= Jy (px7xdx ) x (xo?)

=pxmd?/4xw?xL2/2 (i)

This centripetal force is provided by the weight of liquid of height H.

From (i) and (ii)
md2 /4xHxpxg=pxmd2/4xwZxL2/2

H=w2l2/2g

P =
A =
T o
A dm ..B






